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DIRAC ACTIONS AND LU’S LIE ALGEBROID
E. MEINRENKEN
Abstract. Poisson actions of Poisson Lie groups have an interesting and rich geometric
structure. We will generalize some of this structure to Dirac actions of Dirac Lie groups.
Among other things, we extend a result of Jiang-Hua-Lu, which states that the cotangent
Lie algebroid and the action algebroid for a Poisson action form a matched pair. We also
give a full classification of Dirac actions for which the base manifold is a homogeneous
space H/K, obtaining a generalization of Drinfeld’s classification for the Poisson Lie group
case.
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0. Introduction
A Poisson-Lie group H is a Lie group endowed with a Poisson structure πH such that the
multiplication map MultH : H ×H → H is Poisson. An action of H on a Poisson manifold
(M,πM ) is called a Poisson action if the action map AM : H ×M → M is a Poisson map.
Such actions may be seen as ‘hidden’ symmetries, not necessarily preserving the Poisson
structure on M . They were first studied by Semenov-Tian-Shansky [43] in the context of
soliton theory. Poisson actions have a rich geometric structure, developed in the work of
many authors, including [18, 19, 24, 31, 33, 32, 48].
Let L = T ∗πM be the cotangent Lie algebroid of M . Since the H-action on M does not
preserve the Poisson structure, its cotangent lift is not by Lie algebroid automorphisms, in
general. However, by a result of Jiang-Hua Lu [33] there is a new Lie algebroid structure
on the direct sum with the action Lie algebroid M × h
L̂ = (M × h)⊕ T ∗πM
in such a way that the summands are Lie subalgebroids. This comes equipped with an
H-action by Lie algebroid automorphisms preserving the first summand, and inducing the
given action on the quotient L̂/(M × h) ∼= L. Furthermore, letting (d, g, h)β be the Manin
triple for the Poisson Lie group (H,πH) (with β ∈ S
2d indicating the non-degenerate metric
on d∗ ∼= d), the projection M × h → h and the (symplectic) moment map T ∗πM → h
∗ ∼= g
combine into an H-equivariant Lie algebroid morphism
f
L̂
: L̂→ d.
Among the applications developed in [33] is simple and transparent discussion of Poisson
homogeneous spaces. See [8, 9, 26] for further aspects of Lu’s Lie algebroid, and general-
izations to quasi-Poisson actions.
In this paper, we will consider Dirac actions of Dirac Lie groups. A Dirac manifold
(M,A, E) is given by a manifold M with a Dirac structure, that is, a Courant algebroid
A→M together with an involutive Lagrangian subbundleE ⊆ A. This implies in particular
that E is a Lie algebroid. Morphisms of Dirac manifolds are defined in terms of Lagrangian
relations. A Dirac Lie group is a Lie group H equipped with a Dirac structure (A, E),
together with a multiplication morphism and a unit morphism
MultA : (H,A, E) × (H,A, E) 99K (H,A, E), ǫA : (pt, 0, 0) 99K (H,A, E)
satisfying the usual properties such as associativity. Dirac actions of Dirac Lie groups on
Dirac manifolds are defined similarly, in terms of an action morphism
aP : (H,A, E) × (M,P, L) 99K (M,P, L)
3with base map an H-action on M . These definitions appear simpler than the approach in
[28] using VB-groupoids, but as we will see (Theorem 2.2) they are in fact equivalent:
Theorem A. For any Dirac Lie group (H,A, E), the total space of A has the structure of
a VB-groupoid A ⇒ A(0) over the group H ⇒ pt, in such a way that MultA becomes the
groupoid multiplication. Its space of units is A(0) = Ee, the fiber at the group unit of H, and
E is a VB-subgroupoid with the same space of units. Given a Dirac action on (M,P, L),
one obtains a VB-groupoid action on P, with aP as the action map; the subgroupoid E ⊆ A
preserves L ⊆ P.
Suppose aP is a given Dirac action of (H,A, E) on (M,P, L). Similar to the case of
Poisson actions, the action of H on M lifts to an action on (P, L), but this lift is usually
not an action by Dirac automorphisms. We have the following generalization of Lu’s result
(Theorem 4.7):
Theorem B. There is a new Dirac structure (P̂, L̂) over M , on which H acts by Dirac
automorphisms, such that
P̂ = (M × (h⊕ h∗))⊕ P, L̂ = (M × h)⊕ L
as vector bundles. The subbundle (M × h∗)⊕P is coisotropic and involutive, and reduction
of (P̂, L̂) with respect to this subbundle recovers (P, L).
There is an analogous result, Theorem 3.3, for the category LA∨ of Lie algebroids,
with morphisms the LA-comorphisms. (Dirac structures give examples by forgetting the
ambient Courant algebroid; Poisson structures give examples by taking the cotangent Lie
algebroid.) Given an LA∨-action of (H,E) on (M,L), we show that the Lie algebroid
structure on L̂ = (M × h)⊕ L may be obtained as a quotient
L̂ = (TH × L)/H
for a suitable H-action on TH × L. The latter action is not by LA-automorphisms, but
it preserves the Lie bracket on H-invariant sections. As an application, we find that the
space E(0) = Ee =: g acquires a Lie algebra structure, the groupoid action of E on its space
of units is an LA∨-action, and one obtains an H-equivariant Lie algebra triple (d, g, h) with
d = ĝ. In [28], it is shown that the Dirac Lie group structures on a Lie groupH are classified
by such triples together with an ad-invariant element β ∈ S2d such that g is β-coisotropic.
A conceptual construction of β along the lines of Theorem B is given in Section 4.4. We
refer to (d, g, h)β as an H-equivariant Dirac-Manin triple. Returning to the case of a general
Dirac action, we have:
Theorem C. There is an H-equivariant bundle map f
P̂
: P̂→ d, compatible with brackets,
and with the additional property
f
P̂
(γ
P̂
) = β,
where γ
P̂
∈ Γ(S2P̂) is the element given by the metric.
Here, compatibility with brackets means (cf. Section 1.7) that the map f
P̂
together with
the anchor map defines a bracket-preserving map (a
P̂
, f
P̂
) : P̂ → TM × d, where the right
hand side is regarded as a product Lie algebroid.
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Similar to Lu’s paper [34], we can use these results to classify the Dirac actions for the
caseM = H/K. Let (H,A, E) be a Dirac Lie group, with corresponding Dirac-Manin triple
(d, g, h)β . Let k be the Lie algebra of K.
Theorem D. Dirac actions of H on Dirac manifolds (M,P, L) with M = H/K are
classified by K-equivariant Manin pairs (n, u)γn , with generators k ⊆ u, together with K-
equivariant Lie algebra morphisms fn : n → d extending the inclusion k → h and satisfying
fn(γn) = β.
Given these data, one recovers (P, L) as a reduction of (H × n, H × u) (an ‘action Dirac
structure’) by the action of K.
The classification takes on a simple form in the following special case. By general facts
about VB-groupoid actions (see Appendix A), the action of E on L dualizes to a VB-
groupoid action of E∗ on L∗. Since E is ‘vacant’, E∗ is a Lie group. It turns out that
E∗ is actually a Poisson Lie group, and the action is a Poisson action. It is natural to
assume that this action is transitive. We have the following generalization of Drinfeld’s
classification result, obtained in the thesis [42]:
Theorem. (Robinson [42]) The Dirac structures (P, L) on M = H/K, together with Dirac
actions of (H,A, E) such that E∗ acts transitively on L∗, are classified by K-invariant
β-coisotropic Lie subalgebras c ⊆ d such that c ∩ h = k.
Some of our results are new even in the case of Poisson Lie groups, by considering Dirac
actions of Poisson Lie groups on Dirac manifolds. An important class of Dirac Lie groups to
which our results apply, and which is not a Poisson Lie group, is provided by the Cartan-
Dirac structure on any Lie group H with an invariant metric on its Lie algebra h. The
Cartan-Dirac structure, discovered independently by Alekseev, Severa, and Strobl in the
1990s, is responsible for the theory of quasi-Hamiltonian spaces [2], since the moment map
condition can be described as a Dirac morphism to H [7]. Its description as a Dirac Lie
group (without using that terminology) is given in [1, Theorem 3.9]; a future project will
develop quasi-Hamiltonian spaces for more general Dirac Lie group targets. Quasi-Poisson
Lie groups in the sense of Sˇevera-Valach [45] may also be considered from the perspective of
Dirac Lie groups; see Section 2.2.4. Accordingly, Theorem D can serve as a starting point
for the classification of the corresponding quasi-Poisson homogeneous spaces.
We stress that our notion of ‘Dirac Lie groups’ follows [28], and is similar to [38], but
is different from notions used in [23, 40]. See Section 2.3 below. Accordingly, Theorem
D overlaps with Jotz’ [23] classification results for ‘Dirac homogeneous spaces’ only in the
Poisson case.
Acknowledgements. I would like to thank David Li-Bland for helpful discussions, as well
as Patrick Robinson, whose thesis work inspired the techniques developed here. I also thank
Madeleine Jotz for pointing out her work [22] on Dirac Lie groupoids, and the referees for
detailed comments.
51. Dirac geometry
In this section we review some background material that will be needed in this paper.
Our conventions will follow those of [27, 28, 42], to which we refer for a more detailed
discussion. Throughout, a non-degenerate symmetric bilinear form on a vector space V
will be referred to as a metric, and V as a metrized vector space. A metrized Lie algebra
(also known as a quadratic Lie algebra) is a Lie algebra with an ad-invariant metric.
1.1. Dirac-Manin triples. We begin by describing some of the Lie-algebraic data that
enter the classification results for Dirac Lie groups. See [28, Section 3.2] for further details.
1.1.1. Let V be a vector space together with an element β ∈ S2V . We denote by β♯ : V ∗ →
V the map β♯(µ) = β(µ, ·). A subspace U ⊆ V is called β-coisotropic if β, viewed as
a bilinear form on V ∗, vanishes on the annihilator ann(U). That is, β♯(ann(U)) ⊆ U .
Equivalently, prV/U (β) = 0, where prV/U : V → V/U is the quotient map. Note that
the diagonal V∆ ⊆ V × V is (β,−β)-coisotropic. Given a linear map Φ: V → V
′ with
φ(β) = β′, and a subspace U ′ ⊆ V ′, the preimage Φ−1(U ′) is β-coisotropic if and only if
U ′ is β′-coisotropic. If U ⊆ V is β-coisotropic, then Φ(U) ⊆ V ′ is β′-coisotropic. (See [42,
Lemma 6.1.2].)
1.1.2. Let d be a Lie algebra, together with an ad-invariant element β ∈ S2d. We denote
the co-adjoint action on d∗ simply by a bracket, so that 〈[λ1, µ], λ2〉 = −〈µ, [λ1, λ2]〉 for
λ1, λ2 ∈ d and µ ∈ d
∗. Denote by d∗β the vector space d
∗, equipped with the Lie bracket
[µ1, µ2]β := [β
♯(µ1), µ2]. The coadjoint action of d is by derivations of this Lie bracket, and
the semi-direct product d˜ = d⋉ d∗β becomes a metrized Lie algebra for the metric
(1) 〈λ1 + µ1, λ2 + µ2〉 = 〈λ1, µ2〉+ 〈λ2, µ1〉+ β(µ1, µ2)
for λi ∈ d, µi ∈ d
∗. We will denote by β˜ ∈ S2d˜ the element dual to the metric. Let
sd˜, td˜ : d⋉ d
∗
β → d be the maps
sd˜(λ+ µ) = λ, td˜(λ+ µ) = λ+ β
♯(µ).
These are the source and target maps for its structure as an action groupoid d ⋉ d∗β ⇒ d,
for the action λ 7→ λ+ β♯(µ). One has
sd˜(β˜) = −β, td˜(β˜) = β.
1.1.3. A Dirac-Manin pair (d, g)β is a Lie algebra d together with an ad-invariant element
β ∈ S2d and a β-coisotropic Lie subalgebra g ⊆ d. If β is non-degenerate (so that it defines
a metric on d), and g is Lagrangian, then one calls (d, g)β a Manin pair.
Given a Dirac-Manin pair (d, g)β , the pre-image s
−1
d˜
(g) = g ⋉ d∗β ⊆ d˜ is a β˜-coisotropic
Lie subalgebra. The orthogonal space is an ideal in s−1
d˜
(g), hence
q = (g ⋉ d∗β)/(g ⋉ d
∗
β)
⊥
is a metrized Lie algebra. Let γq ∈ S
2q be given by the reduced metric on q, and let g ⊆ q
be embedded as the reduction of d ⊆ d˜. Then (q, g)γq is a Manin pair. The map td˜ descends
to a Lie algebra morphism
fq : q→ d,
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restricting to the inclusion on g ⊆ q, and with fq(γq) = β.
1.1.4. Harish-Chandra pairs, dressing action. Let d be a Lie algebra, and H a Lie group
acting on d by Lie algebra automorphisms. An H-equivariant inclusion of the Lie algebra h
is said to define generators if the differential of the H-action on d coincides with the adjoint
action of h ⊆ d. In this case, we will denote the H-action on d simply by h 7→ Adh, and
call (d,H) a Harish-Chandra pair. A morphism of Harish-Chandra pairs (c,K) → (d,H)
is a Lie group morphism φ : K → H, together with a Lie algebra morphism f : c→ d, such
that f is K-equivariant and satisfies f |k = Teφ : k→ h.
Given a Lie algebra g complementary to h, we will call (d, g, h) an H-equivariant Lie
algebra triple. In this situation one obtains a Lie algebra action of d on H, extending the
action τ 7→ τL of h given by the left-invariant vector fields. Denote by prg and prh the
projections from d onto the two summands. In terms of left trivialization TH = H × h, the
action ̺ : d→ Γ(TH) is given by
(2) ̺(λ)h = Adh−1 prh(Adh λ), λ ∈ d.
In the context of Poisson Lie groups, this action is known as the (right) dresssing action.
(There is also a left dressing action (h, λ) 7→ − prh(Adh−1 λ), but we will not use it. )
1.1.5. A Dirac-Manin triple (d, g, h)β is a Dirac-Manin pair (d, g)β together with a Lie
subalgebra h ⊆ d complementary to g. It is called a Manin triple if (d, g)β is a Manin pair
and h is Lagrangian. A Dirac Manin triple (d, g, h)β with an action of H on d is called an
H-equivariant Dirac-Manin triple if (d,H) is a Harish-Chandra pair, and β is H-invariant.
1.2. Courant algebroids. A Courant algebroid [30] is a vector bundle A→M , equipped
with a non-degenerate symmetric fiberwise bilinear form 〈·, ·〉 called the metric, a bundle
map a : A → TM called the anchor, and a bilinear map [[·, ·]] : Γ(A) × Γ(A) → Γ(A) called
the Courant bracket, satisfying the following axioms, for all sections σ1, σ2, σ3 ∈ Γ(A):
(a) [[σ1, [[σ2, σ3]]]] = [[[[σ1, σ2]], σ3]] + [[σ2, [[σ1, σ3]]]],
(b) a(σ1)〈σ2, σ3〉 = 〈[[σ1, σ2]], σ3〉+ 〈σ1, [[σ2, σ3]]〉,
(c) [[σ1, σ2]] + [[σ2, σ1]] = a
∗d〈σ1, σ2〉.
(In the last condition, the metric is used to identify A∗ with A.) The bracket is sometimes
also called the Dorfman bracket, after [14]. The conditions imply [47] that the anchor map
is bracket-preserving, and that
(d) [[σ1, fσ2]] = f [[σ1, σ2]] + (La(σ1)f)σ2
for f ∈ C∞(M). Note that a Courant algebroid over M = pt is the same thing as a
metrized Lie algebra. For a Courant algebroid A, changing the sign of the metric defines
a Courant algebroid A. The standard Courant algebroid over M is the direct sum TM =
TM ⊕ T ∗M , with the metric given by the pairing between vectors and covectors, with
anchor the projection to the first summand, and with the Courant bracket
[[X1 + α1, X2 + α2]] = [X1,X2] + L(X1)α2 − ι(X2)dα1
for vector fields X1,X2 ∈ Γ(TM) and 1-forms α1, α2 ∈ Ω
1(M). This is essentially the
setting of Courant’s original work [11, 12].
71.3. Dirac manifolds. A Dirac structure [30] on a manifold M is a Courant algebroid A
over M together with a Lagrangian subbundle E ⊆ A that is involutive, that is, Γ(E) is
closed under the Courant bracket. For any Dirac structure, the Courant bracket restricts
to a Lie bracket on Γ(E), making E into a Lie algebroid. The triple (M,A, E) will be
called a Dirac manifold. We often refer to M itself as a Dirac manifold, and to (A, E)
as its Dirac structure. For the standard Courant algebroid, the Dirac structures (TM, E)
with the property E ∩ TM = 0 are in 1-1 correspondence with Poisson structures πM ; the
correspondence takes the Poisson structure to E = Gr(πM ), the graph of the bundle map
π♯M : T
∗M → TM, α 7→ πM (α, ·).
1.4. The category DIR. For any Courant algebroid A, we denote by A the Courant
algebroid obtained by changing the sign of the metric. A Courant morphism R : A1 99K A2
[3, 10] between two Courant algebroids is a smooth map Φ: M1 → M2 of the underlying
manifolds, together with a Lagrangian subbundle R ⊆ A2×A1 along the graph Gr(Φ), such
that (a2 × a1)(R) ⊆ Gr(TΦ), and satisfying an integrability condition: if two sections of
A2×A1 restrict over Gr(Φ) to a section of R, then so does their Courant bracket. We shall
write x1 ∼R x2 if and only if (x2, x1) ∈ R. Since R is Lagrangian, we have
(3) x1 ∼R x
′
1, x2 ∼R x
′
2 ⇒ 〈x1, x
′
1〉 = 〈x2, x
′
2〉.
For sections σi ∈ Γ(Ai), write σ1 ∼R σ2 if and only if (σ2 × σ1)|Gr(Φ) ∈ Γ(R). The
integrability of R implies
(4) σ1 ∼R σ2, σ
′
1 ∼R σ
′
2 ⇒ [[σ1, σ
′
1]] ∼R [[σ2, σ
′
2]].
Composition of Courant morphisms is defined as a composition of relations, provided that
certain transversality conditions are satisfied (cf. [28]). A Dirac morphism [10]
(5) (Φ, R) : (M1,A1, E1) 99K (M2,A2, E2)
is a Courant morphism R : A1 99K A2, with base map Φ: M1 → M2, with the following
property:
(D) For all m ∈ M and every element x2 ∈ (E2)Φ(m), there is a unique
element x1 ∈ (E1)m with x1 ∼R x2.
Given another Dirac morphism (Φ′, R′) : (M2,A2, E2) 99K (M3,A3, E3), the composition
(Φ′◦Φ, R′◦R) is a well-defined Dirac morphism (M1,A1, E1) 99K (M3,A3, E3) – the transver-
sality conditions mentioned above are automatic due to the uniqueness condition in (D).
We hence have a well-defined category of Dirac manifolds. Any Dirac morphism induces a
comorphism E1 99K E2 of Lie algebroids: A bundle map Φ
∗E2 → E1 such that the induced
map on sections is a Lie algebra morphism, and is compatible with the anchor. For any
map Φ: M1 →M2, the direct sum of the graphs of the differential TΦ and of its dual (TΦ)
∗
defines a Courant morphism
TΦ: TM1 99K TM2.
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If M1,M2 are Poisson manifolds, then Φ is a Poisson map if and only if it defines a Dirac
morphism TΦ: (M1,TM1,Gr(π1)) 99K (M2,TM2,Gr(π2)). We will use the following nota-
tion for the categories that we are interested in:
POI – Poisson manifolds and Poisson maps
DIR – Dirac manifolds and Dirac morphisms
LA∨ – Lie algebroids and comorphisms of Lie algebroids
We have a functor POI → DIR taking (M,π) to (M,TM,Gr(π)), and a functor DIR →
LA∨ taking (M,A, E) to (M,E). By composition, one obtains the functor POI → LA∨
associating to a Poisson manifold its cotangent Lie algebroid Gr(π) ∼= T ∗πM . There is also a
functor LA∨ → POI in the opposite direction, taking a Lie algebroid E to the dual bundle
E∗ with a linear Poisson structure on its total space; as is well-known, the composition
gives the tangent lift of a Poisson structure from M to TM .
One also encounters Dirac comorphisms (also called backward Dirac [7]): These are
defined similar to Dirac morphisms, but with (D) replaced by the condition
(D∨) For all m ∈M and every x1 ∈ (E1)m, there is a unique x2 ∈ (E2)Φ(m)
such that x1 ∼R x2.
This defines a category DIR∨ with a functor to the category LA of Lie algebroids and Lie
algebroid morphisms.
1.5. Action Dirac structures. Let q be a metrized Lie algebra, with metric given by
an ad-invariant element γ ∈ S2q. Given an action ̺ : q → Γ(TM) on a manifold M ,
with the property that all stabilizer algebras for the action are coisotropic in q, the trivial
bundle M × q has a well-defined structure of an action Courant algebroid [27]. The anchor
a : M × q → TM coincides with the action map, and the metric and Courant bracket
extend the metric and Lie bracket on constant sections. Any Lagrangian Lie subalgebra
g ⊆ q defines an action Dirac structure
(6) (M × q, M × g)
onM . As an example, consider any Lie algebra g, and take q = g⋉g∗ with the metric given
by the pairing. Its natural action on M = g∗ has coisotropic stabilizers, hence M = g∗
becomes a Dirac manifold. In this example, the Dirac structure is canonically isomorphic
to (Tg∗,Gr(πg∗)) with the usual Lie-Poisson structure πg∗ .
1.6. Actions of Lie algebroids and Courant algebroids. An action of a Lie algebroid
E →M along a map Φ: N →M is a comorphism of Lie algebroids
TN //❴❴❴

E

N
Φ
// M
Given such an action, the vector bundle pull-back Φ∗E has a Lie algebroid structure, in
such a way that the natural map Φ∗E → E is a Lie algebroid comorphism. Similarly [27],
an action of a Courant algebroid A → M on N is given by a vector bundle comorphism
9TN 99K A, such that the induced map ̺N : Γ(A) → Γ(TN) preserves brackets and is
compatible with the anchor:
̺N ([[σ1, σ2]]) = [̺N (σ1), ̺N (σ2)], TΦ ◦ ̺N = aA.
If furthermore the stabilizers of this action (i.e., the kernels of AΦ(n) → TnN) are coisotropic
in A, then the vector bundle pullback Φ∗A has a Courant algebroid structure, and comes
with a morphism of Courant algebroids Φ∗A 99K A. In the case of a Dirac structure (A, E)
this becomes a Dirac morphism (Φ∗A,Φ∗E) 99K (A, E).
1.7. Maps compatible with brackets. Let A be a Courant algebroid with base M , and
let d be a Lie algebra. A bundle map
f : A→ d
(with base mapM → pt) will be called compatible with brackets if the map (aA, f) : Γ(A)→
Γ(TM × d) is bracket preserving, where TM × d has the product Lie algebroid structure.
That is, for all σ1, σ2 ∈ Γ(A),
(7) f([[σ1, σ2]]) = [f(σ1), f(σ2)] + LaA(σ1)f(σ2)− LaA(σ2)f(σ1).
Note that since the right hand side is skew-symmetric in σ1, σ2, this equation means in
particular that
(8) f ◦ a∗A = 0,
by property (c) in the definition of Courant algebroids.
Suppose in addition that d has an ad-invariant element β ∈ S2d, and that f(γA) = β,
where γA ∈ Γ(S
2A) is the section determined by the metric. Together with (8), this means
(aA, f)(γA) = β, viewed as a section of S
2(TM × d). Suppose ̺Q : d→ Γ(TQ) is an action
of d on a manifold Q, with β-coisotropic stabilizers. By composition, we obtain an action
of A on Q×M along prM , defined by the comorphism
T (Q×M) 99K d× TM 99K A
(where we regard the morphism (aA, f) as a comorphism in the opposite direction). That is,
̺Q×M (σ) = ̺Q(f(σ)) + aA(σ). By Section 1.6, it follows that pr
∗
M A = Q×A is a Courant
algebroid over Q ×M . If (A, E) is a Dirac structure, then we obtain a Dirac structure
(Q × A, Q × E). The action Dirac structures from Section 1.5 may be regarded as such
pullbacks. See [27, Section 4].
1.8. Pull-backs. There is another kind of pullback for Lie algebroids, Courant algebroids,
and Dirac structures, as follows. Suppose Φ: N → M is a smooth map, and E is a Lie
algebroid over M . Suppose that the anchor aE is transverse to TΦ. Then the fiber product
Φ!E //

E
aE

TN
TΦ
// TM
is a vector bundle Φ!E → N , with a canonical Lie algebroid structure [36] (cf. [27]). Here
the left vertical map serves as the anchor, and the upper horizontal map defines a Lie
algebroid morphism to E. Similarly, if A → M is a Courant algebroid whose anchor aA is
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transverse to TΦ, then one obtains a Courant algebroid Φ!A = C/C⊥ where C is the fiber
product of A with TN over TM [28]. Finally, given a Dirac structure (A, E) over M such
that aE is transverse to TΦ, we obtain a pull-back Dirac structure [27] (Φ
!A, Φ!E) on N ,
with a Dirac comorphism
(Φ, R) : (N,Φ!A,Φ!E) 99K (M,A, E).
If N is a direct product N = Q × M , and Φ is projection to the second factor, then
Φ!A = TQ× A.
As another special case, Φ!(TM) = TN . If E ⊆ TM is a Dirac structure, then Φ!E is a
Poisson structure if and only if E is a Poisson structure and Φ is an immersion.
1.9. Reductions. Let (M,A, E) be a K-equivariant Dirac manifold. That is, K is a Lie
group acting on M , with a lift to an action by Courant automorphisms of A, preserving the
subbundle E. For ν ∈ k let LA(ν) be the resulting Lie derivatives on Γ(A). A K-equivariant
bundle map
̺A : M × k→ A
is said to define generators if LA(ν) = [[̺A(ν), ·]] for all ν ∈ k. We will only consider the
case that the generators are isotropic, that is, 〈̺A(ν), ̺A(ν)〉 = 0 for all ν. Suppose the K-
action is a principal action, and let J = ̺A(M×k). One defines a reduced Courant algebroid
A/K = (J⊥/J)/K. Assuming that E ∩ J has constant rank (or equivalently, E ∩ J⊥ has
constant rank), one defines E/K =
(
(E ∩J⊥)/(E ∩J)
)
/K. Then (A/K, E/K) is a Dirac
structure on M/K. See Bursztyn, Cavalcanti, and Gualtieri [10] for details and much more
general reduction procedures; see also Marrero, Padron, and Rodrigues-Olmos [37] for a
detailed discussion of reductions of Lie algebroids. If E ∩ J = 0 (resp., J ⊆ E) then the
quotient map p : M →M/K lifts to a Dirac morphism (resp. comorphism)
(M,A, E) 99K (M/K, A/K, E/K).
The pull-back operation p! is a right inverse to reduction, in the following sense:
Proposition 1.1. Let p : M → B be a principal K-bundle, and (P, L) a Dirac structure
over the base B. Then the pull-back Dirac structure (p!P, p!L) on M is K-equivariant, with
isotropic generators, and its reduction by K is canonically isomorphic to (P, L).
Proof. Let C ⊆ P×TM be the coisotropic subbundle along Gr(p), given as the fiber product
over TB. By definition,
p!P = C/C⊥, p!L = (L× TM) ∩ C
/
(L× TM) ∩C⊥.
For (y, z) ∈ C, let [(y, z)] ∈ p!P be its equivalence class. The Lagrangian subbundle
R ⊆ P × p!P, consisting of all (y, [(y, z)]) with (y, z) ∈ C, defines the Courant morphism
R : p!P 99K P. Consider the canonical action of K on TM , with generators k → Γ(TM) ⊆
Γ(TM) given by the action on M . Its direct product with the trivial action on P preserves
C, and its generators descends to generators k→ Γ(C/C⊥). Let J ∼=M × k be the isotropic
subbundle of C/C⊥ spanned by the generators. Then J ⊆ p!L ⊆ C/C⊥, and the reduction
(p!L)/K ⊆ (p!P)/K is defined. Since elements x ∈ J satisfy x ∼R 0, the morphism R
descends to a Dirac morphism
(idB, R/K) :
(
B, (p!P)/K, (p!L)/K
)
99K (B, P, L).
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Since any element y ∈ P satisfies [(y, v)] ∼R y, where v ∈ TM is any lift of aP(y) ∈ TB, the
morphism R/K is surjective. Hence, by dimension considerations it is an isomorphism. 
2. Dirac Lie groups and Dirac actions
2.1. Definitions. Poisson Lie groups do not conform to the official definition of group
objects in the category POI of Poisson manifolds: The product of Poisson manifolds is not
a direct product in the categorical sense, and in any case the inverse map is anti-Poisson
rather than Poisson. See Blohmann and Weinstein [4] for a detailed discussion. What makes
them ‘group-like’ objects is that they come with an associative multiplication morphism and
a unit morphism, satisfying the usual properties. (The existence of an inverse, and the fact
that it is anti-Poisson, are automatic.) In a similar spirit, we can define Dirac Lie groups
to be ‘group-like’ objects in the category DIR of Dirac manifolds. For a Lie group H, we
denote by MultH : H ×H → H the multiplication map, and by ǫH : pt→ H the unit map
(that is, the inclusion of the group unit).
Definition 2.1. (a) A Dirac Lie group is a Lie group H with a Dirac structure (A, E),
together with Dirac morphisms
MultA : (H,A, E)× (H,A, E) 99K (H,A, E)
and
ǫA : (pt, 0, 0) 99K (H,A, E),
with base maps MultH and ǫH respectively, such that MultA is associative and ǫA
is a two-sided unit:
MultA ◦ (MultA × idA) = MultA ◦ (idA ×MultA),
MultA ◦ (ǫA × idA) = idA = MultA ◦ (idA × ǫA).
(b) A Dirac action of (H,A, E) on a Dirac manifold (M,P, L) is a Dirac morphism
AP : (H,A, E) × (M,P, L) 99K (M,P, L),
with base map aM : H ×M →M an H-action, satisfying
AP ◦ (idA×AP) = AP ◦ (MultA × idP),
AP ◦ (ǫA × idP) = idP.
The following result shows that Dirac actions can always be described as actions of VB-
groupoids. We refer to Appendix A for background and notation for VB-groupoids and
their actions.
Theorem 2.2. (a) For any Dirac Lie group (H,A, E), the Courant algebroid A is natu-
rally a VB-groupoid A⇒ A(0) with base the group H ⇒ pt, and with units A(0) = Ee,
in such a way that MultA becomes the groupoid multiplication. The subbundle E is
a vacant VB-subgroupoid, with the same space of units E(0) = Ee.
(b) For a Dirac action of (H,A, E) on a Dirac manifold (M,P, L) the bundle P is
naturally a VB-groupoid module over A, in such a way that aP becomes the groupoid
module action. The subbundle L is a submodule over the subgroupoid E.
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Proof. (a) For the proof, we need to define the source and target maps, verify that MultA
gives a well-defined multiplication of composable elements, and finally prove the existence
of groupoid inverses.
1. Definition of source and target map. Let g := Ee. We can think of g as the
Lagrangian subbundle of A×0 along Gr(ǫH) ⊆ H×pt defining the Dirac morphism
ǫA. The identity MultA ◦ (ǫA× idA) = idA says that for any given x ∈ A there exists
ξ ∈ g with
x ∼(ǫA×idA) (ξ, x) ∼MultA x.
This ξ is unique, since (ξ, 0h) ∼MultA 0h implies ξ = 0, by definition of Dirac mor-
phisms. We take it to be the definition of t(x), so that (t(x), x) ∼MultA x. Similarly,
there is a unique element s(x) ∈ g such that (x, s(x)) ∼MultA x.
2. We next prove that
(x1, x2) ∼MultA x⇒ s(x1) = t(x2), t(x1) = t(x), s(x2) = s(x).
The relation (x1, x2) ∼MultA x gives
(x1, s(x1), x2) ∼MultA×id (x1, x2) ∼MultA x;
hence by associativity of MultA there exists y such that
(x1, s(x1), x2) ∼id×MultA (x1, y) ∼MultA x.
In particular, (s(x1), x2) ∼MultA y. Subtracting (t(x2), x2) ∼MultA x2, this shows
(s(x1)− t(x2), 0) ∼MultA y − x2.
Since the left hand side is in E×E, it follows that z := y−x2 ∈ E. But we also have
(t(z), z) ∼ z; hence the uniqueness condition in the definition of Dirac morphism
shows (t(z), z) = (s(x1) − t(x2), 0). This proves z = 0 and hence s(x1) = t(x2). By
a similar argument, t(x1) = t(x) and s(x2) = s(x).
3. The maps s and t restrict to fiberwise isomorphisms on E. Let h ∈ H be given.
For any ξ ∈ g there exist, by definition of Dirac morphism, elements x ∈ Eh and
y ∈ Eh−1 with (x, y) ∼MultA ξ. We have t(x) = ξ = s(y). This shows that both s
and t restrict to fiberwise isomorphisms on E. It also follows that ker(s) and ker(t)
are subbundles of A, both of which are complements to E in A.
4. Definition of the groupoid multiplication ◦. If (0h1 , 0h2) ∼MultA z, then z ∈ Eh1h2
by definition of Dirac morphism, but also s(z) = s(0h2) = 0, hence z = 0. This
shows that if x1, x2 ∈ A are such that (x1, x2) ∼MultA x for some x ∈ A, then this
x is unique. In this case, we will call x1, x2 composable, and write x = x1 ◦ x2. As
we saw above, a necessary condition for composability is that s(x1) = t(x2). Since
the subbundle consisting of elements (x1, x2) ∈ A × A with this property has rank
2 rank(A)−dim g = 3dim g = rank(Gr(MultA)), it follows that this condition is also
sufficient.
5. Existence of a groupoid inverse. Let x ∈ Ah be given. Let y1 ∈ Eh−1 be the unique
element with s(x) = t(y1), and put y = y1 + 0h−1 ◦ λ with λ = t(x) − x ◦ y1 ∈
ker(te) ⊆ Ae. Then
x ◦ y = x ◦ y1 + 0h ◦ 0h−1 ◦ λ = x ◦ y1 + λ = t(x),
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so that y is a right inverse to x. Similarly, one has the existence of a left inverse.
By the usual argument, it is automatic that left and right inverses coincide.
(b) Arguing as in part (a), we see that for any y ∈ P, there exists a unique element
u(y) ∈ g with (u(y), y) ∼AP y. Furthermore, (x, y) ∼AP y
′ implies that s(x) = u(y) and
t(x) = u(y′).
We claim that (x, y) ∼AP y
′ uniquely determines y′ in terms of x, y. Indeed, suppose
w ∈ Ph.m with (0h, 0m) ∼AP w. We will show w = 0 by proving that 〈w, z〉 = 0 for all
z ∈ Ph.m. Write u(z) = y1 ◦ y2 with y1 ∈ Eh and y2 ∈ Eh−1 . Then
(y1, y2, z) ∼MultA×idP (u(z), z) ∼aP z.
By the property AP ◦ (idA×AP) = AP ◦ (MultA × idP), there exists z
′ ∈ Pm with
(y1, y2, z) ∼idA×aP (y1, z
′) ∼aP z.
Taking the inner product of (y1, z
′) ∼aP z with (0h, 0m) ∼AP w, and using (3), we find
〈w, z〉 = 0.
The bundle of elements (x, y) ∈ A × P with s(x) = u(y) has rank equal to rank(A) +
rank(P)− dim g = rank(P) + dim g, which is also the rank of Gr(aP). Hence x ◦ y is defined
if and only if s(x) = u(y). The rest is clear. 
Remark 2.3. (a) In [28], Dirac Lie groups were defined in terms of a VB-groupoid struc-
ture on A; Theorem 2.2 shows that the Definition 2.1 is equivalent. In turn, the
description in [28] is equivalent to the super-geometric definition of [29], where it is
shown that these are indeed the groups for the super-geometric incarnation of Dirac
manifolds.
(b) Definition 2.1 is similar to that in a 2007 preprint of Milburn [38], who defines ‘Dirac
Lie groups’ as group objects for various kinds of ‘Dirac categories’. However, his
choice of morphisms for general Courant algebroids is much more restrictive then
the one used here.
(c) On the other hand, our definition is different from notions of ‘Dirac Lie group’ in
the work of Ortiz [40] and Jotz [23] – see Section 2.3 below.
In an analogous fashion, one can define ‘group-like’ objects, and their actions, in the
category LA∨ of Lie algebroids and Lie algebroid comorphisms. One finds that if (H,E)
is an LA∨ Lie group, then E is a vacant VB-groupoid E ⇒ E(0) with base H ⇒ pt, and
with E(0) = Ee =: g as the units. Compatibility with the Lie algebroid structure means
that E is an LA-groupoid. Given an LA∨-action of (H,E) on a Lie algebroid (M,L), the
Lie algebroid L becomes an LA-groupoid module. See Stefanini [46, Chapter 3] for related
discussions.
Example 2.4. Any Lie group H has an LA∨ Lie group structure (H,E), defined by the
action Lie algebroid E = H × h for the infinitesimal conjugation action on H. The VB-
groupoid structure E ⇒ h is that of an action groupoid for the trivial H-action on h.
More generally, given a Lie algebra automorphism κ of h, one can consider the κ-twisted
conjugation action; its action Lie algebroid again defines an LA∨ Lie group structure.
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Given a Lie group H, one has the classification results
Poisson Lie group structures on H ←→ H-equivariant Manin triples [15]
Dirac Lie group structures on H ←→ H-equivariant Dirac-Manin triples [28]
LA∨ Lie group structures on H ←→ H-equivariant Lie algebra triples [35]
We will recall below how these correspondences come about, and generalize to actions over
homogeneous spaces.
2.2. Examples. We conclude this section with some examples of Dirac actions.
2.2.1. Dirac actions of Poisson Lie groups. Let H be a Lie group, and TH the standard
Courant algebroid with the multiplication morphism MultTH = TMultH . This morphism is
the multiplication for the VB-groupoid structure, given as the direct product of the group
TH ⇒ pt with the cotangent groupoid T ∗H ⇒ h∗. As remarked in [28], a Dirac structure
(TH, E) defines a Dirac Lie group structure for this multiplication morphism if and only
if E is the graph of a Poisson Lie group structure πH . Hence, all Dirac Lie groups with
A = TH are actually Poisson Lie groups (unless one relaxes the definitions (cf. Remark
2.3) or allows twistings by closed 3-forms, see below).
Given an H-action on M , one obtains a VB-groupoid action of TH on TM , where
aTM = TaM is the product of the action aTM = TaM of the group TH on TM with the
‘dual’ action aT ∗M (cf. Appendix A) of the groupoid T
∗H ⇒ h∗ on T ∗M ; the moment
map uT ∗M : T
∗M → h∗ is the usual moment map from symplectic geometry. Given a Dirac
structure (TM, L), this action defines a Dirac Lie group action of (H, TH, E) if and only
if L is a submodule over E. If πM is a Poisson structure and the H-action on M is Poisson,
then L = Gr(πM ) is a submodule. But there are also many non-Poisson examples: For
instance, L = TM is always a submodule.
2.2.2. Cartan-Dirac structure. Let H be a Lie group with Lie algebra h. Suppose h has an
Ad(H)-invariant metric, and denote by h the same Lie algebra with the opposite metric.
The metrized Lie algebra d = h⊕ h contains the diagonal g = h∆ ⊆ h⊕ h as a Lagrangian
Lie subalgebra. The Lie algebra d acts on H by the difference of the left-invariant and
right-invariant vector fields,
̺(τ ′, τ) = τL − τ ′
R
.
This action has coisotropic (in fact, Lagrangian) stabilizers. It defines an action Dirac
structure (A, E) = (H × d, H × g) on H, known as the Cartan-Dirac structure.1 The
Courant algebroid is a VB-groupoid A ⇒ g, given as the direct product of the group H
with the pair groupoid of h: Thus s(h, τ ′, τ) = τ, t(h, τ ′, τ) = τ ′, and for composable
elements
(h1, τ
′
1, τ1) ◦ (h2, τ
′
2, τ2) = (h1h2, τ
′
1, τ2).
As shown in [1, Section 3.4], the groupoid multiplication MultA is a Dirac morphism, hence
(H,A, E) is a Dirac Lie group. Note that the orbits of the Lie algebroid E = H × g are the
conjugacy classes in H. As explained in [7, 10], this Dirac Lie group structure is responsible
1One can identify A with the twist of the standard Courant algebroid TH by the Cartan 3-form η ∈ Ω3(H)
defined by the metric (see [7, Example 4.11] or [1, Section 3.1]). This reproduces the perhaps more familiar
description of the Cartan-Dirac structure.
15
for the theory of quasi-Hamiltonian spaces [2]. Suppose M is a manifold with an action
of d, with coisotropic stabilizers, and let P = M × d be the action Courant algebroid.
Suppose that the action of the sub-Lie algebra h integrates to an action aM of H. Then
the groupoid action aP of A⇒ g, given by the product of the action aM with the groupoid
multiplication Multd, is a Courant morphism. Any Lagrangian Lie subalgebra l ⊆ d defines
a Dirac structure L =M × l in P, which is a submodule for the groupoid action of E. That
is, we have a Dirac action of (H,A, E) on (M,P, L).
An interesting special case is the following: Consider any coisotropic Lie subalgebra
c ⊆ h×h, and let M = D.c ⊆ Grassr(d) be its orbit under the adjoint action of D = H×H
on the Grassmannian of r = dim c-dimensional subspaces. The infinitesimal action of d has
coisotropic stabilizers, since the stabilizer at c contains c itself.
2.2.3. Wonderful compactification. We continue the discussion from 2.2.2, but with the
assumption that H is a connected complex semi-simple Lie group with trivial center. In
this case there is an embeddingH → GrassdimH(d), taking h ∈ H to the graph of the adjoint
action, Gr(Adh). Equivalently, H is embedded as the D-orbit of the diagonal. According
to deConcini-Procesi, the closure of H inside the Grassmannian is a smooth submanifold
M . It is called the wonderful compactification. Since the infinitesimal action of d on H
has co-isotropic stabilizers, the same is true for the action on its closure M . Thus, by the
above, any choice of a Lagrangian Lie subalgebra l (in particular l = g) makes M into a
Dirac manifold (M,P, L), with a Dirac action of (H,A, E).
For h semisimple, there is a classification of Lagrangian Lie subalgebras of h⊕ h, due to
Karolinsky [24] and Delorme [13]. A detailed discussion of the variety of Lagrangian Lie
subalgebras of d = h⊕ h, and its relation with Poisson homogeneous spaces, may be found
in the work of Evens and Lu [16, 17].
2.2.4. Quasi-Poisson actions. In a recent paper, Sˇevera-Valach [45] develop a theory of
quasi-Poisson Lie groups H. These are classified by H-equivariant Manin quadruples
(d, h, g, h′)β , consisting of a Lie algebra d with invariant metric β, and with three Lie
subalgebra such that d = h⊕ g⊕ h′. Here the metric restricts to a metric on g and to zero
on both h, h′; the adjoint action of g is required to preserves both h and h′. An example is
the usual triangular decomposition of a semisimple complex Lie algebra, and more general
decompositions involving parabolics. (See [45].) Without getting into details, we remark
that the quasi-Poisson Lie groups can be studied from the perspective of Dirac Lie groups;
the relevant Dirac Manin triple is (d, g ⊕ h′, h)β . Similarly, the q-Poisson actions can be
regarded as Dirac Lie group actions.
2.3. Comparison with the Ortiz-Jotz theory. As already remarked, our approach to
Dirac Lie groups and their actions is different from that in the work of Ortiz [40] and Jotz
[23].
In Ortiz’ paper [40], a multiplicative Dirac structure on a Lie group H is a Dirac structure
E ⊆ TH inside the standard Courant algebroid, such that E is a subgroupoid of TH ⇒ h∗,
but not necessarily a wide subgroupoid: the space of units of E may be strictly smaller
than h∗. He refers to a Lie group with multiplicative Dirac structure as a Dirac Lie group,
and shows that, modulo a ‘regularity assumption’, all of these are obtained by pull-back of
a Poisson Lie group structure under a surjective group homomorphism. Jotz [23] remarks
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that Ortiz’s definition is equivalent to group multiplication of H being weakly Dirac, and
obtains a more precise version of the classification theorem. (Here, by weakly Dirac we
mean that one omits the uniqueness part in condition (D) from 1.4 – in many references,
including [23], these are referred to as Dirac maps.) In a similar fashion, Jotz studies Dirac
actions on a homogeneous space M = H/K, equipped with Dirac structure L ⊆ TM , by
requiring that the action map is weakly Dirac, and again she obtains a classification of such
actions.
For the more general Dirac structures (A, E) in this paper, in order to demand that ‘group
multiplication is a Dirac morphism’, it is necessary to specify a multiplication morphism
MultA. We work with the strong notion of Dirac morphism in order to have an actual
category. As mentioned before, if A = TH this only allows Poisson Lie group structures,
whereas the Ortiz-Jotz definition also includes, e.g., E = TH. On the other hand, the
examples 2.2.2, 2.2.3 and 2.2.4 are not included in their theory.
One could relax our definitions in two directions. similar to Ortiz-Jotz: either (i) allow
weak Dirac morphisms (keeping in mind that these cannot always be composed), or (ii)
study multiplicative Dirac structures over H (given by a CA-groupoid structure A ⇒ g
such that the Dirac structure E ⊆ A is a subgroupoid), and modules over these. These
two directions are different: e.g., having MultA only weakly Dirac does not determine a
groupoid structure on A. For both generalizations, no general classification results are in
sight.
3. LA∨-actions
Recall again that forgetting the ambient Courant algebroid is a functor DIR → LA∨.
In particular, any Dirac Lie group structure on H defines an LA∨-Lie group structure.
We will hence begin by considering LA∨-actions. Aside from Poisson Lie groups with the
cotangent Lie algebroid E = T ∗πH, the main example to keep in mind is the LA
∨-Lie group
structure (H,H × h) from Example 2.4.
3.1. General properties of LA∨ actions. Let (H,E) be an LA∨-Lie group. The unit
fiber g = Ee inherits a Lie algebra structure such that the inclusion g ⊆ E is a sub-Lie
algebroid along {e} ⊆ H. As we observed above, the VB-groupoid E ⇒ g is vacant : Its
source and target maps are fiberwise isomorphisms. We will use the source map to define
a trivialization:
E = H × g.
Let us temporarily forget about the Lie algebroid structure and just consider any vacant
VB-groupoid E ⇒ g over H ⇒ pt. Let V be a VB-module, with base M and moment map
uV : V → g. We obtain an H-action by bundle automorphisms of V , covering the action
aM : H ×M →M on the base, given by
(9) h • y := x ◦ y,
for y ∈ V and h ∈ H; here x ∈ E is the unique element in the fiber Eh for which
sE(x) = uV (y).
For a first application, recall that any groupoid acts on its space of units; for a VB-
groupoid this makes the bundle of units into a VB-module. Hence V = g, as a vector
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bundle over M = pt, is a VB-module over E ⇒ g, and we obtain an action • of H on g.
By definition, this action is such that
(10) tE(x) = h • sE(x)
for all x ∈ Eh. For a general VB-module V over E ⇒ g, the moment map uV : V → g is a
morphism of VB-modules; hence it has the equivariance property
(11) uV (h • y) = h • uV (y).
(Alternatively, this follows from (9) and (10), since uV (h • y) = tE(x) and uV (y) = sE(x).)
By a result of Ping Xu [48], for any Poisson action of a Poisson Lie group H on a Poisson
manifoldM , the (symplectic) moment map T ∗πM → h
∗ = g is a morphism of Lie algebroids.
The following proposition is a similar result for any LA∨-action of (H,E) on (M,L).
Proposition 3.1. The moment map uL : L→ g is a morphism of Lie algebroids: That is,
uL([σ1, σ2]) = [uL(σ1), uL(σ2)]g + LaL(σ1)uL(σ2)− LaL(σ2)uL(σ1)
for all sections σ1, σ2 ∈ Γ(L). In particular, both sE, tE : E → g are morphisms of Lie
algebroids.
Proof. The Lie algebroid comorphism aL : E × L 99K L restricts to a Lie algebroid co-
morphism g × L 99K L, with base map the identity map of M . Under this comorphism,
(uL(σ), σ) ∼ σ for all sections σ. Given two sections σi ∈ Γ(L), by taking Lie brackets of
the relations (uL(σi), σi) ∼ σi, i = 1, 2, we obtain(
[uL(σ1), uL(σ2)]g + LaL(σ1)uL(σ2)− LaL(σ2)uL(σ1), [σ1, σ2]
)
∼ [σ1, σ2].
By the uniqueness part in the definition of LA∨-morphism, the first entry on the left hand
side must be uL([σ1, σ2]). 
In particular, we see that the space of sections with uL(σ) = 0 is a Lie subalgebra of
Γ(L), and those annihilated by both uL and aL form a Lie ideal.
Proposition 3.2. The space Γ(L)H of •-invariant sections is closed under the Lie algebroid
bracket. Furthermore, the difference aL(h•y)−h.aL(y) is tangent to H-orbits, for all h ∈ H
and y ∈ L. Hence, if the H-action on M is a principal action, then L/H is a Lie algebroid
over M/H.
Proof. Since aL is a Lie algebroid comorphism, the pull-back map a
∗
L : Γ(L) → Γ(E × L)
preserves Lie brackets. Let S : E×L→ L be the Lie algebroid morphism given by projection
to the second factor. Then σ is invariant if and only if a∗Lσ ∼S σ. Given two invariant
sections σ1, σ2, we conclude
a
∗
L[σ1, σ2] = [a
∗
Lσ1, a
∗
Lσ2] ∼S [σ1, σ2],
hence [σ1, σ2] is invariant.
If x ∈ Eh and y ∈ Lm with sE(x) = uL(y), then aL(h • y) = aL(x ◦ y) = aE(x) ◦ aL(y),
with the action of TH on TM . But for any v ∈ ThH, w ∈ TmM the difference v ◦w− h.w
is tangent to orbits. The rest is clear. 
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3.2. The Lu-Lie algebroid. In her 1997 paper [34], Jiang-Hua Lu proved that for any
Poisson action of a Poisson Lie group H on a Poisson manifold (M,πM ), the action Lie
algebroid M × h and the cotangent Lie algebroid T ∗πM
∼= Gr(πM ) form a matched pair, in
the sense of Mokri [39]. Equivalently, their direct sum
(12) T̂ ∗πM := (M × h)⊕ T
∗
πM
has a Lie algebroid structure, in such a way that the two summands are Lie subalgebroids.
Lu proved furthermore that the action of H on M lifts to an action by Lie algebroid auto-
morphisms on (12), and that the direct sum of the projection M × h→ h and the moment
map T ∗πM → h
∗ ∼= g defines a Lie algebroid morphism to d = h⊕g, the Drinfeld double of h.
Further aspects of this Lie algebroid, relating it to a construction of Bursztyn and Crainic
[7] for quasi-Poisson actions, are discussed in the article [26] of Kosmann-Schwarzbach. We
have the following result for general LA∨-actions of (H,E) on Lie algebroids (M,L).
Theorem 3.3. The direct sum
(13) L̂ = (M × h)⊕ L
has the structure of an H-equivariant Lie algebroid, in such a way that both summands are
sub-Lie algebroids, and such that the map h→ Γ(L̂) given by the constant sections of M×h
gives generators for the H-action.
Proof. The LA∨-action of (H,E) on (M,L) extends to an action on (H ×M, TH ×L), by
putting uTH×L(v, y) = uL(y), and for composable elements
x ◦ (v, y) = (aE(x) ◦ v, x ◦ y),
where aE(x) ◦ v is a product in the group TH. To see its compatibility with Lie brackets,
note that Gr(aTH×L) can be regarded as the intersection of Gr(MultTH) × Gr(aL) with
the set of all ((v′, w, v), (y′, x, y)) such that w = a(x). Being the intersection of two Lie
subalgebroids, it is itself a Lie subalgebroid.
The action of E ⇒ g on TH × L gives rise to a •-action of H, which commutes with
the action TaR(h) × idL. Hence, Proposition 3.2 shows that the quotient by the •–action
is a Lie algebroid L̂ = (TH × L)/H with an action of H by automorphisms. As a vector
bundle,
L̂ ∼= (TH × L)
∣∣
{e}×M
= (M × h)⊕ L.
The first summand is the quotient of the Lie subalgebroid TH ×M ⊆ TH × L under the
•-action, hence it is itself a Lie subalgebroid. Since left-trivialization identifies TH ×M
with the action Lie algebroid for aR, it follows that M ×h is the action Lie algebroid M ×h
for aM .
It remains to show that L is a Lie subalgebroid of L̂. For σ ∈ Γ(L), let σ˘ ∈ Γ(TH ×L)H
be the corresponding invariant section, so that σ˘|{e}×M = σ. We need to show that the
map σ 7→ σ˘ preserves brackets. This map can be written as a composition
Γ(L)
(InvE ×id)◦a
∗
L−−−−−−−−−→ Γ(E × L)H
aE×id−−−−→ Γ(TH × L)H ;
here a∗L : Γ(L) → Γ(E × L) is the pull-back map under the Lie algebroid comorphism
aL : E × L 99K L, and InvE : E → E is the inversion. (In detail: If σm = y, then
(InvE ×id)((a
∗
Lσ)h,m) = (x, x ◦ y), with the unique x ∈ Eh such that s(x) = u(y). Hence
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σ˘h,m = (aE(x), x ◦ y). If h = e, then x ∈ g = Eh, hence aE(x) = 0e. That is, σ˘e,m = σm.)
Since all of these maps preserve brackets, it follows that the map σ 7→ σ˘ is a Lie algebra
morphism, as required. 
Clearly, the construction from Theorem 3.3 is functorial: Given LA∨-actions of (H,E)
on (M1, L1), (M2, L2), and a Lie algebroid morphism L1 → L2 intertwining the actions,
the resulting map L̂1 → L̂2 is an H-equivariant Lie algebroid morphism.
As a first example, we can apply Theorem 3.3 to the action of (H,E) on (pt, g). We find
that
(14) ĝ = h⊕ g
is a Lie algebra, with H acting by automorphisms, and with h and g as Lie subalgebras.
Writing d := ĝ, this is the H-equivariant Lie algebra triple (d, g, h) associated to the LA∨-
Lie group (H,E) by Mackenzie’s classification [35].
Proposition 3.4. The map
fL̂ : L̂ = h× L→ d, (τ, y) 7→ τ + uL(y)
is an H-equivariant morphism of Lie algebroids.
Proof. The moment map uL : L→ g is a morphism of Lie algebroids, and is equivariant for
the action of (H,E). Hence the result follows by functoriality. 
We will denote by prh, prg the projections from d = h⊕g to the two summands. In terms
of f
L̂
, the H-action on L̂ = h× L is explicitly given as
h.(τ, y) =
(
prh
(
Adh fL̂(τ, y)
)
, h • y
)
.
3.3. The action of d on H. There are two commuting LA∨-actions of (H,E) on itself,
with base actions the actions aL, aR of H on itself:
(x, y) ∼
a
L
E
x ◦ y, (x, y) ∼
a
R
E
y ◦ x−1
Apply Theorem 3.3 to the action aRE. We obtain an H-equivariant Lie algebroid
Ê = (H × h)⊕ E
together with an H-equivariant Lie algebroid morphism fÊ : Ê → d; here H×h is the action
Lie algebroid for aR. Since aRE commutes the action a
L
E, the latter defines an LA
∨-action of
(H,E) on (H, Ê), commuting with the action of H by Lie algebroid automorphisms, and
such that fÊ(x ◦ z) = fÊ(x) for composable elements x ∈ E and z ∈ Ê. Since fÊ is a
fiberwise isomorphism, it defines a trivialization.
Proposition 3.5. The trivialization Ê = H × d defined by f
Ê
identifies Ê with the ac-
tion Lie algebroid for the dressing action (2). The H-action by automorphisms reads as
g.(h, λ) = (hg−1,Adg(λ)), and the groupoid action of E = H × g⇒ g on Ê is given by the
moment map
(15) u
Ê
(h, λ) = prgAdh(λ),
and (g, ξ) ◦ (h, λ) = (gh, λ) for ξ = u
Ê
(h, λ).
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Proof. The description of the H-action follows by H-equivariance of f
Ê
. Using the H-
equivariance of the anchor aÊ, we find
aÊ(h, λ) = aÊ
(
h−1.(e,Adh(λ))
)
= TaR(h−1)aÊ(e,Adh(λ))
)
= TaR(h−1) prhAdh(λ)
proving a
Ê
(h, λ) = ̺(λ)h. (See (2).) Similarly, H-invariance of uÊ together with uÊ(e, λ) =
prg(λ) implies (15). The formula for the groupoid action of (H,E) follows since fÊ is
invariant under this action. 
The trivialization Ê = H × d restricts to the trivialization E = H × g given by sE . We
conclude that E is isomorphic to the action Lie algebroid for the dressing action of g ⊆ d
on H. On the other hand, as a VB-groupoid it is the action groupoid E ⇒ g for the action
h • ξ = prg(Adh ξ). This shows that the LA
∨ Lie group (H,E) is fully determined by the
H-equivariant Lie algebra triple (d, g, h). To complete a proof of Mackenzie’s classification,
one has to show that conversely, given an H-equivariant triple (d, g, h), the Lie algebroid
and VB-groupoid structure on E = H × g are compatible, in the sense that the graph of
the groupoid multiplication is a sub-Lie algebroid. (This may be verified directly, in the
trivialization.)
We have the following alternative description of Ê:
Proposition 3.6. The map (a
Ê
, u
Ê
) : Ê → TH × g is an isomorphism of Lie algebroids.
In terms of this identification, the VB-groupoid action of E ⇒ g is given by
uÊ(v, ξ) = ξ, x ◦ (v, ξ) = (a(x) ◦ v, h • ξ).
Proof. The map (aÊ , uÊ) is a Lie algebroid morphism, since both components are. In terms
of left trivialization TH = H × h and the trivialization Ê = H × d, the map is given at the
fiber of h ∈ H by ζ 7→ (Adh−1 prh(Adh ζ),prg(Adh ζ)). It is an isomorphism with inverse
(16) ThH × g→ Êh, (τ, ξ) 7→ τ +Adh−1 ξ.
The rest is clear. 
Note that the groupoid action of E ⇒ g is just the action used in the construction of
ĝ = d. We recover that the quotient Ê/H by the •-action is d.
Remark 3.7. Let f
L̂
: L̂ → d be the Lie algebroid morphism from Proposition 3.4, and let
p : H ×M → M be the projection to the second factor. Using the dressing action (2) of d
on H, the vector bundle pullback p∗L̂ has a Lie algebroid structure. It is not hard to see
that p∗L̂ ∼= TH × L, the Lie algebroid used in the construction of L̂.
3.4. Homogeneous spaces. We now specialize to the case thatM = H/K a homogeneous
space. The kernel of the anchor of the action Lie algebroid M × h is an associated bundle
H ×K k, where k is the Lie algebra of K. Since L̂ contains the action Lie algebroid, it
is a transitive Lie algebroid: its anchor is surjective. This defines an H-equivariant exact
sequence of Lie algebroids
0→ ker(aL̂)→ L̂→ TM → 0.
Since ker(a
L̂
) has a trivial anchor, it is an H-equivariant bundle of Lie algebras
ker(a
L̂
) = H ×K u,
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where u = ker(a
L̂
)e is a Lie algebra with an action of K by automorphisms. The inclusion of
ker(aM×h) ∼= H ×K k into ker(aL̂) restricts to a K-equivariant Lie algebra morphism k→ u,
thus (u,K) is a Harish-Chandra pair (cf. Section 1.1.4). The H-equivariant Lie algebroid
morphism fL̂ : L̂→ d restricts to a K-equivariant Lie algebra morphism
fu : u→ d,
whose restriction to k ⊆ u coincides with Teφ : k→ h, where φ : K →֒ H is the inclusion. It
hence defines a morphism of Harish-Chandra pairs from (u,K) to (d,H). These data give
a full classification:
Proposition 3.8. The Lie algebroids (H/K,L) together with LA∨-actions of (H,E) are
classified by Harish-Chandra pairs (u,K) along with a morphism of Harish-Chandra pairs
(17) (fu, φ) : (u,K)→ (d,H).
As a Lie algebroid, L is the reduction by K of the action Lie algebroid for ̺◦fu : u→ Γ(TH):
L = (H × u)/K = H ×K (u/k).
The VB-groupoid action of E ⇒ g on L is given by the moment map
uL([(h, ζ mod k)]) = prg(Adh(fu(ζ)),
and for composable elements, (g, ξ) ◦ [(h, ζ mod k)] = [(gh, ζ mod k)].
Proof. (i) We begin with the case K = {e}, so thatM = H. Suppose (M,L) and the action
are given. Since K = {e}, the anchor map restricts to an isomorphism on H × h, which
hence has ker(a
L̂
) as an H-invariant complement. The projection prL : L̂→ L along H × h
restricts to an H-equivariant vector bundle isomorphism
prL : H × u = ker(aL̂)
∼=
−→ L.
By Proposition 3.2, this map is a Lie algebra morphism on H-invariant sections. This shows
that the bracket on invariant sections of L is given by the Lie bracket on u; hence L is an
action Lie algebroid for some u-action on H. To compute the anchor and the moment map
in terms of this the trivialization, let y ∈ Lh be given. Let y = y
′+ y′′ be its decomposition
in L̂h, into
y′ = (h, ζ) ∈ ker(aL̂) = H × u, y
′′ = (h, τ) ∈ H × h.
We obtain
uL(y) = fL̂(y) = fL̂(y
′) + fL̂(y
′′) = Adh(fu(ζ)) + τ.
The g-component of this equation shows
(18) uL(y) = prg(Adh(fu(ζ)),
while the h-component tells us that τ = − prh(Adh(fu(ζ))). Since H × h is identified with
the action Lie algebroid for the action aLH , its anchor map is (h, τ) 7→ −τ
R|h = −Adh−1 τ ,
using left trivialization TH = H × h. Since aL(y) = aL̂(y
′ + y′′) = aL̂(y
′′) = −τR|h, this
shows
(19) aL(y) = Adh−1 prhAdh fu(ζ) = ̺(fu(ζ))h.
(ii) For general K, let p : H → H/K be the projection. The LA∨-action of (H,E) on
L lifts to an action on p!L ⊆ TH × L. Hence, the discussion above applies, and identifies
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p!L ∼= H × u. Note that this identification intertwines the K-action on p!L with the
action k.(h, ζ) = (hk−1, Adk ζ), and intertwines the generators for these actions. Hence
L = p!L/K = (H × u)/K. The moment map up!L, being K-invariant, descends to the
quotient, and so does the action of (H,E).
(iii) The discussion above shows that (H/K,L) is uniquely determined by (u,K) and the
morphism (17). Conversely, given these data, define L = (H × u)/K, with the moment
map uL, and the (H,E)-action as above. We need to show that the action aL is an LA-
comorphism. Rather than proving this directly, consider the embedding
p!L = H × u→ Ê × u, (h, ζ) 7→ ((h, fu(ζ)), ζ).
This is a K-equivariant morphism of Lie algebroids, and intertwines the moment maps, as
well as the actions of E ⇒ g. Since the (H,E)-action on Ê × u (given by the action on the
first factor) is an LA-comorphism, the same is true for the action on the Lie subalgebroid
p!L, and hence on L. 
Example 3.9. The simplest examples of Harish-Chandra pairs with morphisms to (d,H) are
(d,H), (d, {e}), (g, {e}), (h,H), (h, {e}).
The corresponding Lie algebroids with actions of (H,E) are, respectively,
(pt, g), (H, Ê), (H,E), (pt, 0), (H,TH).
Remark 3.10. The constructions in this section can be generalized to the category LG∨ of
Lie groupoids, with morphisms the comorphisms of Lie groupoids.
Recall that a Lie algebroid structure on a vector bundle E corresponds to a linear (equiv-
alently, homogeneous of degree −1) Poisson structure on the dual bundle E∗. Under this
correspondence, LA-comorphisms E1 99K E2 correspond to Poisson morphisms E
∗
1 → E
∗
2 .
Hence, all of the results above may be restated in Poisson-geometric terms. In partic-
ular, if (H,E) is an LA∨ Lie group then the total space of E∗ is a Poisson Lie group.
(If (H,E) is classified by the Lie algebra triple (d, g, h), then the Manin triple of E∗ is
(d⋉ d∗, g⋉ h∗, h⋉ g∗).)
An LA∨-action on (M,L) becomes a Poisson action of E∗ on the Poisson manifold L∗,
compatible with the fiberwise linear structure. Proposition 3.8 classifies such actions when
H acts transitively on M ; however, E∗ need not act transitively on L∗.
Proposition 3.11. In the setting of Proposition 3.8, the action of E∗ on L∗ is transitive
if and only if the map fu : u → d is injective, with fu(u) ∩ h = k. The classification of
LA∨-actions with this property is thus given by K-invariant Lie subalgebras c ⊆ d with
c ∩ h = k.
Proof. Since H acts transitively on the base M , the action of E∗ on L∗ is transitive if
and only if the action of E∗|e on L
∗|eK is transitive. By dualizing the VB-groupoid action
of Ee = g ⇒ g on LeK = u/k, we find that this is the action µ ◦ ν = ν + f
∗
u (µ) for
µ ∈ g∗ = annd∗(h) and ν ∈ annu∗(k). (This is well-defined, since fu(k) ⊆ h is equivalent
to f∗u (g
∗) = f∗u (annd∗(h)) ⊆ annu∗(k).) This action is transitive if and only if f
∗
u : d
∗ → u∗
restricts to a surjective map annd∗(h) → annu∗(k), or equivalently if and only if fu induces
an injective map u/k → d/h. Since fu restricts to the identity map on k, this is equivalent
to fu itself being injective, with fu(u) ∩ h = k. 
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4. General properties of Dirac actions
In this Section, we will extend the results from the last section to Dirac actions. Through-
out, we fix a Dirac-Lie group (H, A, E). In particular, (H,E) is an LA∨-Lie group, classified
by an H-equivariant Lie algebra triple (d, g, h).
4.1. Properties of the structure maps. We will use the VB-groupoid structure A⇒ g;
recall that E ⇒ g is a vacant VB-subgroupoid. Since the anchor map aA : A → TH is a
VB-groupoid morphism, the dual map a∗A : T
∗H → A∗ = A is a VB-groupoid morphism,
T ∗H // //
a
∗
A

h∗
ϕ

A
//
// g
(See Appendix A.) The right vertical map in this diagram
(20) ϕ : h∗ → g
is the map of units; it is characterized by the property sA ◦ a
∗
A = ϕ ◦ sT ∗H , with a similar
property tA ◦ a
∗
A = ϕ ◦ tT ∗H for the target map. Let γA ∈ Γ(S
2A) be the element defined by
the metric. Then sA(γA) is a function on H with values in S
2g, and similarly for tA(γA).
Let
γg := tA(γA)|e ∈ S
2g.
Lemma 4.1. We have
tA(γA) = −sA(γA) = γg.
In particular, both sides are constant functions from H to S2g.
Proof. For all x ∈ A, with groupoid inverse x−1, we have
〈x, x〉 + 〈x−1, x−1〉 = 〈x ◦ x−1, x ◦ x−1〉 = 〈tA(x), tA(x)〉 = 0.
If x ∈ ker(sA|e) = ran(t
∗
A|e) then x
−1 ∈ ker(tA|e) = ran(s
∗
A|e), and
〈x, ξ〉 + 〈x−1, ξ〉 = 〈x ◦ x−1, ξ ◦ ξ〉 = 〈tA(x), ξ〉 = 0
for all ξ ∈ g. Hence, if x = t∗A(µ)|e then x
−1 = −s∗A(µ)|e, and
〈s∗A(µ), s
∗
A(µ)〉|e = 〈x
−1, x−1〉 = −〈x, x〉 = −〈t∗A(µ), t
∗
A(µ)〉|e.
This proves sA(γA)|e = −tA(γA)|e. For all h ∈ H, the composition t
∗
A(µ)|e◦0h is well-defined
since ran(t∗A)e = ker(sA)e. The composition lies in ker(sA)h = ran(t
∗
A)h; indeed t
∗
A(µ)|e◦0h =
t
∗
A(µ)|h, as we can see by taking the inner product with the identity tA(y) ◦ y = y, valid for
all y ∈ Ah. Hence
〈t∗A(µ)|h, t
∗
A(µ)|h〉 = 〈t
∗
A(µ)|e ◦ 0h, t
∗
A(µ)|e ◦ 0h〉 = 〈t
∗
A(µ)|e, t
∗
A(µ)|e〉,
proving that tA(γA) is constant. Similarly, sA(γA) is constant. 
Consider a Dirac action of (H, A, E) on a Dirac manifold (M, P, L). In particular H
acts on M ; let aM×h : M × h→ TM be the infinitesimal action map. The dual map is the
symplectic moment map uT ∗M : T
∗M → h∗. The anchor maps intertwine the action of A
on P with the action of TH on TM . Hence, their duals intertwine the groupoid action of
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T ∗H ⇒ h∗ on T ∗M with the action of A ⇒ g on P. (See Appendix A.) In particular, the
moment maps for the two groupoid actions are intertwined, giving a commutative diagram
T ∗M
uT∗M
//
a
∗
P

h∗
ϕ

P
uP
// g
Proposition 4.2. We have uP(γP) = γg, where γP ∈ Γ(S
2P) is the element defined by the
metric.
Proof. Given µ ∈ g∗ and m ∈M , we claim that
(21) u∗P(µ)m = t
∗
A|e(µ) ◦ 0m,
with 0m ∈ Pm the zero element. To see this, note first that the action is well-defined since
ran(t∗A) = ker(sA). Furthermore, whenever x ∈ Ae, y ∈ Pm are composable elements, then
〈x ◦ y, u∗P(µ)〉 = 〈uP(x ◦ y), µ〉 = 〈tA(x), µ〉 = 〈x, t
∗
A(µ)|e〉.
This shows that the element (u∗P(µ)m, t
∗
A(µ)|e, 0m) is orthogonal to the graph of aP. Since
Gr(aP)
⊥ = Gr(aP), this proves Equation (21). Taking an inner product of this element with
itself, we obtain 〈u∗P(µ)m, u
∗
P(µ)m〉 = 〈t
∗
A(µ)|e, t
∗
A|(µ)|e〉, proving uP(γP) = γg. 
Using γg and ϕ, we define β ∈ S
2d as the symmetric bilinear form on d∗ = g∗ ⊕ h∗ given
by
β(µ1, µ2) =


γg(µ1, µ2) µ1, µ2 ∈ g
∗,
〈µ1, ϕ(µ2)〉 µ1 ∈ g
∗, µ2 ∈ h
∗,
0 µ1, µ2 ∈ h
∗.
By definition g ⊆ d is β-coisotropic, and prg(β) = γg. In [28] it was shown that β is ad(d)-
invariant as well as H-invariant, and that the Dirac Lie group (H,A, E) is classified by the
H-equivariant Dirac-Manin triple (d, g, h)β . Below we will give a conceptual explanation of
these facts.
4.2. The H-action on P. Consider a Dirac action of (H, A, E) on a Dirac manifold
(M, P, L). The action of E ⊆ A on P defines a •-action (cf. Section 3.1) of H on P, given
as h • y = x ◦ y where x ∈ Eh is the unique element such that sA(x) = uP(y). This action
preserves the subbundle L, it satisfies uP(h • y) = h • uP(y), and it preserves the metric on
P, since
〈h • y, h • y〉 = 〈x ◦ y, x ◦ y〉 = 〈x, x〉+ 〈y, y〉 = 〈y, y〉.
On the other hand, the •-action preserves neither the Courant bracket on Γ(A) nor the
anchor, in general.
Examples 4.3. (a) For a Poisson action of a Poisson Lie group (H,πH) on a Poisson
manifold (M,πM ), the corresponding •-action on P = TM is the unique action that
preserves the decomposition TM = TM⊕Gr(πM ) as well as the metric on TM , and
that restricts to the tangent lift on TM . Note that this is different from the action
h 7→ TaM(h), which does not preserve Gr(πM ) in general.
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(b) Let (d, g, h)β = (h⊕h, h∆, h⊕0)β defined by an H-invariant metric on h correspond-
ing to the Cartan-Dirac structure (A, E) = (H × d, H × g), cf. Example 2.2.2. The
•-action on g is trivial. Therefore, given a Dirac action on (P, L) = (M × d, M × l)
the •-action on P is simply h • (m, τ, τ ′) = (h.m, τ, τ ′).
Theorem 4.4. For any Dirac action of (H,A, E) on (M,P, L), the space Γ(P)H of •-
invariant sections is closed under the Courant bracket. For all h ∈ H and y ∈ P, the
difference aP(h•y)−h.aP(y) ∈ TM (where the dot indicates the tangent lift of the action) is
tangent to H-orbits. Hence, if the action of H on M is a principal action, then the quotient
space becomes a Dirac manifold (M/H, P/H, L/H), with the quotient map defining a Dirac
morphism.
Proof. Define a Courant morphism S : A×P 99K P, with base map H×M →M projection
to the second factor, by declaring that (x, y) ∼S y
′ if and only if y = y′ and x ∈ E. A
section σ ∈ Γ(P) is •-invariant if and only if there exists a section σ˜ ∈ Γ(A×P) with σ˜ ∼S σ
and σ˜ ∼aP σ. (This section is necessarily unique.) Since these relations are preserved under
Courant brackets (cf. (4)), it follows that the Courant bracket of two •-invariant sections
is again invariant.
For composable elements x ∈ A and y ∈ P, we have aP(x ◦ y) = aA(x) ◦ aP(y), where the
right hand side uses the action of TH on TP . Writing aA(x) = (h, τ) in left trivialization,
the difference aA(x) ◦ w − h.w for any w ∈ TM is tangent to H-orbits in M ; in fact it is
given by the infinitesimal action of Adh(τ). 
The analogue to Proposition 3.1 holds true on invariant sections:
Proposition 4.5. For σ1, σ2 ∈ Γ(P)
H ,
(22) uP([[σ1, σ2]]) = [uP(σ1), uP(σ2)]g + LaP(σ1)uP(σ2)− LaP(σ2)uP(σ1);
here [·, ·]g denotes the pointwise Lie bracket of g-valued functions on M . In particular,
Γ(P)H ∩ ker(uP) is closed under the Courant bracket. Furthermore, the space Γ(P)
H ∩
ker(uP) ∩ ker(aP) is an ideal in Γ(P)
H , relative to the Courant bracket.
Proof. We use the notation from the proof of Theorem 4.4. The section σ˜ associated to
σ ∈ Γ(P)H has the form σ˜ = (uP(σ), σ), where the first entry uP(σ) is regarded as a section
of pr∗H E = (H ×M) × g (depending trivially on the H-variable) and the second entry as
a section of pr∗M P. The Courant bracket of two such sections σ˜i = (uP(σi), σi) is given by
[[σ˜1, σ˜2]] =
(
[uP(σ1), uP(σ2)]g + LaP(σ1)uP(σ2)− LaP(σ2)uP(σ1), [[σ1, σ2]]
)
.
Since this section is related to σ = [[σ1, σ2]] under both aP and S (cf. (4)) it coincides with
(uP([[σ1, σ2]]), [[σ1, σ2]]), proving (22).
Suppose σ1, σ2 ∈ Γ(P)
H , with σ1 ∈ ker(uP)∩ker(aP). Then aP([[σ1, σ2]]) = 0 since ker(aP)
is an ideal for the Courant bracket, while (22) shows that uP([[σ1, σ2]]) = 0. Similarly for
[[σ2, σ1]]. 
In particular, if the action of H on M is a principal action, and uP has constant rank,
then ker(uP)/H is an involutive subbundle of the Courant algebroid P/H. If (aP, uP) : P→
TM ×g has constant rank, then the sections of (ker(uP)∩ker(aP))/H form a Courant ideal.
26 E. MEINRENKEN
Remark 4.6. Note that the right hand side of formula (22) is skew-symmetric in σ1, σ2,
hence so is the left hand side. This is possible since uP vanishes on Γ(ran(a
∗
P))
H , as one
may also prove directly.
4.3. The Lu-Dirac structure. We next extend the construction of the Lu-Lie algebroid
L̂ to incorporate the Courant algebroid.
Theorem 4.7. There is a canonically defined H-equivariant Dirac structure (P̂, L̂) on M ,
such that
(23) P̂ = (M × (h⊕ h∗))⊕ P, L̂ = (M × h)⊕ L
as (metrized) vector bundles, with anchor map a
P̂
(τ+ν, y) = aM×h(τ)+aP(y). The constant
sections of M × h are generators for the H-action on P̂, and the induced H-action on
(M × h)⊥/(M × h) ∼= P is the •-action on P. The map
(24) f
P̂
: P̂→ d, f
P̂
(τ + ν, y) = τ + ϕ(ν) + uP(y)
is an H-equivariant bundle morphism, with f
P̂
◦ a∗
P̂
= 0, compatible with brackets, and with
(25) f
P̂
(γ
P̂
) = β.
Proof. We will obtain P̂ as a quotient (TH ×P)/H. Consider the Dirac action of (H,A, E)
on (H ×M,TH × P, TH × L), where aTH×P is the composition of
MultTH × aP : (TH × A)× (TH × P) 99K (TH × P)
with the Courant morphism A 99K TH × A, x ∼ (aA(x) − µ, x + a
∗
A(µ)) (with µ ∈ T
∗H)
in the first factor. That is, for x ∈ Ag and w + ν ∈ ThH, y ∈ Ph,
(26) x ◦ (w + ν, y) =
(
aA(x) ◦ w + (−µ) ◦ ν, (x+ a
∗
A(µ)) ◦ y
)
whenever the composition on the right hand side is defined. In particular µ ∈ T ∗gH is
the unique element such that ν ′ := (−µ) ◦ ν (groupoid multiplication in T ∗H ⇒ h∗) is
defined: thus −sT ∗H(µ) = tT ∗H(ν) = Adh sT ∗H(ν), and in this case ν
′ ∈ T ∗ghH is such that
s(ν ′) = s(ν). That is, ν ′ is the image of ν under the cotangent lift of aL(g), while −µ is the
image of ν under the cotangent lift of aL(g) ◦ aR(h). The condition that (x+ a∗A(µ)) ◦ y be
defined requires that
sA(x) = uP(y)− sA(a
∗
A(µ)) = uP(y)− ϕ(sT ∗H(µ)) = uP(y) + ϕ(tT ∗H(ν)).
This determines the moment map for the action:
(27) uTH×P(w + ν, y) = uP(y) + ϕ(tT ∗H(ν)).
By construction, the VB-groupoid action aTH×P given by these formulas is a Courant mor-
phism. To check that it is a Dirac action, let (w′, y′) ∈ TghH × Lg.m be given. Let
x ∈ Eg, y ∈ Lh be the unique elements such that y
′ = x ◦ y, and put w = aA(x)
−1 ◦ w′.
Then (x, (w, y)) ∈ Eg × (TH × L)h is the unique element such that x ◦ (w, y) = (w
′, y′).
The action of the subgroupoid E ⇒ g determines a •-action of H on TH ×P, preserving
TH × L. By Theorem 4.4, the quotient with respect to the •-action is a Dirac structure
(P̂, L̂) over (H ×M)/H ∼=M . As vector bundles,
P̂ = (TH × P)
∣∣
{e}×M
, L̂ = (TH × L)
∣∣
{e}×M
.
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Since TH = H × (h⊕ h∗) by left-trivialization, this gives the decomposition (23) as vector
bundles. The description of the anchor is clear. The action TaR(h) × id on TH × P is by
Dirac automorphisms, and commutes with the •-action, hence it descends to an action by
Dirac automorphisms of (P̂, L̂).
Note that the subbundle TH × P is invariant under the •-action of H as well as under
the action TaR× idP. The diagonal H-action preserves the restriction to {e}×P; it is given
by (w, y) 7→ (a(x) ◦w ◦ h−1, h • y). It follows that the induced action on P is the •-action.
The map h→ Γ(TH×P), τ 7→ (τL, 0) defines generators for the H-action h 7→ TaR(h)× id
on TH × P. Its image under the quotient map are the constant sections of M × h, which
hence are generators for the H-action on P̂.
To prove the properties of the map f
P̂
, consider the diagram
TH × P
(aTH×P, uTH×P)
//

TH × TM × g

P̂
(a
P̂
, f
P̂
)
// TM × d
where the vertical maps are quotient maps under the •-actions. This diagram commutes:
The map aTH×P : TH × P→ TH × TM , followed by the map TH × TM → TM, (v,w) 7→
v ◦ w−1, descends to a
P̂
, while the map uTH×P, followed by the quotient map TH × g→ d,
descends to f
P̂
. Proposition 4.5 shows that the upper horizontal map is bracket-preserving
on •-invariant sections. Hence the lower horizontal map defines a bracket-preserving map
on sections, that is, f
P̂
is compatible with brackets:
(28) f
P̂
([[σ1, σ2]]) = [fP̂(σ1), fP̂(σ2)] + LaP̂(σ1)fP̂(σ2)− LaP̂(σ2)fP̂(σ1)
for all sections σ1, σ2 ∈ Γ(P̂). In particular, fP̂ ◦ a
∗
P̂
= 0. Furthermore, since the upper
horizontal map intertwines the action TaR × idP with the action Ta
R × idTM × idg, the
lower horizontal map is H-equivariant, and in particular f
P̂
is H-equivariant.
For µ ∈ d∗, let µ = µ′+µ′′ be its decomposition into µ′ ∈ g∗ and µ′′ ∈ h∗. The dual map
to f
P̂
at m ∈M satisfies f∗
P̂
(µ) = (ϕ∗(µ′), µ′′, u∗P(µ
′)m). It follows that
〈f∗
P̂
(µ), f∗
P̂
(µ)〉 = 2〈φ∗(µ′), µ′′〉+ 〈u∗P(µ
′)m, u
∗
P(µ
′)m〉
= 2〈φ(µ′′), µ′〉+ γg(µ
′, µ′)
= β(µ, µ),
proving f
P̂
(γ
P̂
) = β.

Remark 4.8. As remarked earlier, L̂ = (M × h) ⊕ L is a matched pair of Lie algebroids.
Similarly, as we saw in the proof, P̂ is the direct sum of two involutive subbundles, M × h
and f−1
P̂
(g) = (M × h∗)⊕ P. There is also a notion of matched pair of Courant algebroids,
due to Gru¨tzmann-Stie´non [21], but P̂ does not fit into this framework, in general.
Remark 4.9. The stabilizer of the dressing action of d at h ∈ H is the β-coisotropic Lie
subalgebra Adh(g). Since fP̂ is compatible with brackets and satisfies (25), the discussion
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from Section 1.8 shows that the vector bundle pullback of P̂ under the projection p : H ×
M →M is a Courant algebroid. One can show that p∗P̂ ∼= TH × P.
The description of P̂ simplifies in the special case that the Dirac-Manin triple (d, g, h)β is
exact : That is, β is non-degenerate and g is Lagrangian. (As shown in [28, Proposition 7.1],
this condition is equivalent to exactness of the Courant algebroid A, i.e. ker(aA) = ran(a
∗
A)
is a Lagrangian subbundle.)
Proposition 4.10. If the Dirac-Manin triple (d, g, h)β is exact, there is a canonical iso-
morphism
P̂ ∼= d× P
(product of Courant algebroids). Under this identification, f
P̂
is projection to the first factor.
Proof. Since β is non-degenerate and g is Lagrangian, the map ϕ : h∗ → g is an isomorphism.
Consequently, the map f
P̂
is surjective, and by (28) ker(f
P̂
) is an H-invariant involutive
subbundle, which is a complement to f−1
P̂
(g)⊥ = M × h∗ inside f−1
P̂
(g). The quotient map
identifies this subbundle with f−1
P̂
(g)/f−1
P̂
(g)⊥ = P as a Courant algebroid.
The map f
P̂
defines a trivialization ker(f
P̂
)⊥ =M×d. For a constant section σ1 ofM×d,
and any section σ of ker(f
P̂
), we obtain, using (28),
f
P̂
([[σ1, σ]]) = −LaP(σ)fP̂(σ1) = 0
hence [[σ1, σ]] ∈ Γ(ker(fP̂)). If σ1, σ2 are two constant sections ofM×d, and σ ∈ Γ(ker(fP̂)),
we see that 〈[[σ1, σ2]], σ〉 = −〈σ2, [[σ1, σ]]〉 = 0. Hence [[σ1, σ2]] is again a section of M × d,
and since f
P̂
([[σ1, σ2]]) = [fP̂(σ1), fP̂(σ2)] this sections is again constant. This shows that the
Courant algebroid P̂ is the product of the metrized Lie algebra d (embedded as constant
sections) with P (embedded as ker(f
P̂
)). 
Remark 4.11. After a calculation, one finds that the isomorphism from d × Pm to P̂m =
(h⊕ h∗)⊕ Pm is given by
(λ, y) 7→
(
τ + ν − ϕ−1(uP(y)), y + u
∗
P(φ
−1)∗τ
)
,
where τ ∈ h and ν ∈ h∗ are determined by τ = prh(λ), φ(ν) = (1− prh⊥)(λ). The inclusion
of L̂ reads as,
L̂m → d× Pm, (τ, z) 7→
(
τ + uP(z), z − u
∗
P(φ
−1)∗τ
)
.
As a special case, we recover a result of Bursztyn-Crainic-Sˇevera [9], according to which for
any Poisson action (H,πH)×(M,πM )→ (M,πM ), the Lu-Lie algebroid L̂ = (M×h)⊕T
∗
πM
may be realized as a Dirac structure in the direct product d× TM .
4.4. The action aq. Put q := Ae, g := Ee, and let γq ∈ S
2q be the element defined by the
metric. The VB-groupoid structure of A restricts to a VB-groupoid structure of its unit
fiber
(29) q⇒ g.
The groupoid structure is compatible with the metric, in the sense that 〈λ1 ◦ λ2, λ1 ◦ λ2〉 =
〈λ1, λ1〉+ 〈λ2, λ2〉 for composable elements λ1, λ2. Let r = ker(tq) ⊆ q, so that r
⊥ = ker(sq).
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Denote by prr, prr⊥ = 1− pr
∗
r ∈ End(q) the projections to r, r
⊥ with kernel g. Then
sq(λ) = (1− prr⊥)(λ), tq(λ) = (1− prr)(λ),
and the groupoid multiplication is uniquely determined by its compatibility with the metric:
λ1 ◦ λ2 = λ2 + prr⊥(λ1),
see the proof of Lemma 5.2 below. By applying Theorem 4.4 to the action aLA of (H, A, E)
on itself, where
(x, y) ∼
a
L
A
x ◦ y,
it follows that (A/H, E/H) = (q, g) is a Dirac structure over H/H = pt. Thus, (q, g)γq
is a Manin pair. By Proposition 4.5, ker(tA)/H = ker(tA|e) = r is a Lie subalgebra of q
complementary to g. (The space ker(sA|e) = r
⊥ is not a Lie subalgebra, in general.) The
Dirac action aRA of (H, A, E) on (H,A, E), given as
(x, y) ∼
a
R
A
y ◦ x−1
commutes with aLA, hence it descends to a Dirac action aq of (H, A, E) on (pt, q, g), with
moment map the source map sq. The resulting •-action of H on q is the unique extension of
the •-action on g that preserves the metric and for which sq (hence also tq) is equivariant.
It is hence an action by automorphisms of the metrized groupoid q⇒ g.
By applying Theorem 4.7 to the Dirac action aq, we obtain a Manin pair (q̂, ĝ)γq̂ , with an
action of H by automorphisms and with an H-equivariant Lie algebra morphism f¯q̂ : q̂→ d.
Here the bar serves as a reminder that we are using a Dirac action of (H,A, E) (with the
opposite metric); by Theorem 4.7 this implies in particular that
(30) f¯q̂(γq̂) = −β,
with a minus sign.
Proposition 4.12. (d, g, h)β is an H-equivariant Dirac-Manin triple, and
(q̂, ĝ)γq̂ = (d⋉ d
∗
β, d)β˜ .
Here d∗β is embedded as ker(f¯q̂) = ran(f¯
∗
q̂
)⊥.
Proof. Since the Lie algebra morphism f¯q̂ : q̂→ d restricts to the identity map on ĝ = d, it is
ad(d)-equivariant as well as H-equivariant. From this, it is immediate that β is H-invariant
as well as ad-invariant. (In [28], this was proved by direct calculations.) The kernel ker(f¯q̂)
is an H-invariant ideal complementary to d, hence it may be identified with the dual space
to d. On the orthogonal space ker(f¯q̂)
⊥ = ran(f¯∗
q̂
), the metric restricts to −β, by definition.
Hence the restriction to ker(f¯q̂) is +β. It follows that ker(f¯q̂) = d
∗
β as a Lie algebra as well
as a d-module, and hence q̂ = d⋉ d∗β as a metrized Lie algebra. 
Let fq̂ : q̂ → d be the projection along ker(f¯q̂)
⊥. Since the latter is an ideal, the map fq̂
is a Lie algebra morphism, and by the proof of Proposition 4.12 we have that
fq̂(γq̂) = β.
The Manin pair (q, g)γq is recovered from (d⋉ d
∗
β, d)β˜ as the reduction
q = f¯−1
q̂
(g)/f¯−1
q̂
(g)⊥, g = (f¯−1
q̂
(g) ∩ d)/(f¯−1
q̂
(g)⊥ ∩ d).
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(See also Section 1.1.) The map fq̂ vanishes on f¯
−1
q̂
(g)⊥ ⊆ f¯−1
q̂
(0)⊥ = ker(fq̂), hence it
descends to a Lie algebra morphism fq : q→ d,
Proposition 4.13. Given a Dirac action of (H,A, E) on (M,P, L), there is a canonical
Dirac comorphism
(P, L) 99K (q, g),
defined by the property that y ∼ ζ if and only if there exists z ∈ L with y = ζ ◦ z. It is
equivariant for the action of (H,A, E).
Proof. The relation given above is obtained from the action aP : A× P 99K P together with
the morphism A→ q (given by trivialization) and P→ 0 (given by L). As a composition of
Courant relations, it is again a Courant relation. It is a Dirac comorphism, since for y ∈ L,
the unique element ξ ∈ g with y ∼ ξ is given by ξ = uL(y). 
5. Classification results for Dirac actions
We will now use the results of the previous section to classify the Dirac actions on Dirac
manifolds of the form (H/K,P, L).
5.1. The Dirac structure (H × (d ⋉ d∗β), H × d). By definition of (q, g) as the quotient
of (A, E) under the •-action for aLA, one obtains a trivialization
(31) (A, E) = (H × q, H × g),
in such a way that the constant sections of H × q are the •-invariant sections of A. It
identifies the Dirac Lie group structure as an action Dirac structure, for some action of q
on H that will be determined below.
The Dirac morphism (A, E) → (q, g) defined by the trivialization is equivariant for the
Dirac action aRA of (A, E) (with base action a
R
H). Hence it extends to an H-equivariant
Dirac morphism
(Â, Ê)→ (q̂, ĝ) = (d⋉ d∗β, d).
Since both sides have the same rank, this morphism is given by an actual vector bundle
map, Â→ d⋉ d∗β , which is a fiberwise isomorphism. This defines a trivialization
(32) (Â, Ê) = (H × (d⋉ d∗β), H × d).
Proposition 5.1. The trivialization (32) identifies (Â, Ê) with the action Dirac structure
for the Manin pair (q̂, ĝ)γq̂ and the action ̺ ◦ fq̂ : q̂→ Γ(TH).
Proof. The general construction gives a bracket preserving map f¯
Â
: Â → d with f¯
Â
(γ
Â
) =
−β. (In terms of the trivialization, this is the projection to d.) Both ker(f¯
Â
) and ker(f¯
Â
)⊥ =
ran(f¯∗
Â
) are complements to the Lagrangian subbundle Ê ⊆ Â. Since f¯
Â
◦ a∗
Â
= 0, we have
a
Â
◦ f¯∗
Â
= 0. That is, the anchor map vanishes on the second summand of the decomposition
Â = Ê ⊕ ker(f¯
Â
)⊥.
In terms of the trivialization, ker(f¯
Â
)⊥ = H × ker(fq̂). But we had already shown that Ê
is an action Lie algebroid, i.e. its anchor is given by the restriction of ̺ ◦ fq̂. 
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Since the anchor of A ⊆ Â is obtained by restriction, we conclude that (A, E) is an
action Dirac structure for the action ̺ ◦ fq : q→ Γ(TH). As explained in [28] the groupoid
structure of A = H × q is that of a semidirect product (see Appendix B) of H with the
groupoid q⇒ g, using the •-action of H on q.
To summarize: Given a Dirac Lie group (H,A, E), one obtains an H-equivariant Dirac-
Manin triple (d, g, h)β . The Dirac-Manin pair (d, g)β determines a Main pair (q, g)γ as
in Section 1.1. The Dirac structure on (A, E) on H is that of an action Dirac structure
(H × q, H × g) for ̺ ◦ fq, while the VB-groupoid structure A ⇒ g is that of a semi-direct
product of H with (29). This proves that up to isomorphism, the Dirac Lie group (H,A, E)
is uniquely determined by its Dirac-Manin triple. As shown in [28], any Dirac-Manin triple
arises in this way.
5.2. Homogeneous spaces. We will now consider Dirac actions of (H,A, E) on (M,P, L),
with M = H/K a homogeneous space. Restricting to the group unit e ∈ H, the groupoid
action of A ⇒ g on P gives an action of q ⇒ g on p = PeK, with moment map up : p → g.
This groupoid action is compatible with the metrics, and is uniquely determined by this
property and the moment map up. Indeed, letting Fp : q → p be the map defined by
〈Fp(λ), z〉 = 〈λ, up(z)〉, we have
Lemma 5.2. The groupoid action of q⇒ g on p is given by λ ◦ z = z + Fp(λ).
Proof. For all y ∈ p, we have up(y) ◦ y = y. Taking the inner product with λ ◦ z = z
′, we
see that 〈z′, y〉 = 〈z, y〉 + 〈λ, up(y)〉 = 〈z + Fp(λ), y〉, hence z
′ = z + Fp(λ). 
Use the •-action of H on P to write P = H ×K p, and write A = H × q.
Lemma 5.3. The groupoid action of A⇒ g on P is given by uP([(g, z)]) = g • up(z) and
(h, λ) ◦ [(g, z)] = [(hg, z + Fp(g
−1 • λ))].
Proof. Note that Fp is K-equivariant relative to the •-action of K ⊆ H. Hence, the action
of K on p is compatible with the structure as a VB-groupoid module over q⇒ g:
k.(λ ◦ z) = (k • λ) ◦ k.z.
We conclude that the VB-groupoid action of A⇒ g on P is that of the semidirect product
H ⋉ q⇒ g on H ×K p, as in Appendix B. 
The following example will be important in what follows.
Example 5.4. Similar to Proposition 3.5, the multiplication morphism MultA lifts to a
Dirac action of (H,A, E) on (H, Â, Ê), defining in particular a •-action of H on Â which
commutes with the action of H by Dirac automorphisms. In terms of the trivialization
Â = H × q̂, the •-action reads as h • (g, z) = (hg, z), while the H action by automorphisms
is h.(g, z) = (gh−1, h.z), with the given H-action on q̂ = d⋉ d∗β. Proposition 5.1 shows that
(Â, Ê) is an action Dirac structure for ̺◦fq̂. On the other hand, as a VB-groupoid module,
Â is fully determined by the moment map u
Â
|e = uq̂ at the identity fiber. The latter is
induced by the target map tq = (1− prr) = prg ◦fq, hence
uq̂ = prg ◦fq̂ : q̂→ g.
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With Fq̂ : q→ q̂ defined as above (for p = q̂), Lemma 5.3 shows
(h, λ) ◦ (g, z) = (hg, z + Fq̂(g
−1 • λ))
for composable elements (h, λ) ∈ A and (g, z) ∈ Â.
Returning to Dirac structures over homogeneous spaces, we have the following classifi-
cation result. Let φ : K → H denote the inclusion.
Theorem 5.5 (Classification of Dirac Lie group actions on homogeneous spaces). The
Dirac structures (P, L) on H/K, together with Dirac actions of (H,A, E), are classified by
the following pieces of data:
(i) A Harish-Chandra pair (n,K) together with a non-degenerate K-invariant element
γn ∈ S
2n,
(ii) a morphism of Harish-Chandra pairs (fn, φ) : (n,K)→ (d,H) such that fn(γn) = β,
(iii) a K-invariant Lagrangian Lie subalgebra u ⊆ n.
Remark 5.6. We stress again (cf. 2.3) that Theorem 5.5 is different from the classification
of ‘Dirac homogeneous spaces’ of Jotz [23]. Theorem 5.5 does not imply those results, or
vice versa.
The proof of Theorem 5.5 is divided in several stages. First, we show how to associate
to a given (P, L) the data (i),(ii),(iii). Second, we give a normal form for (P, L) and the
action aP in terms of these data, thus proving that (P, L) is uniquely determined by the
data. Third, we show that any given set of data (i),(ii),(iii) arises in this way.
5.2.1. Construction of the data (i),(ii),(iii). We assume that the Dirac structure (P, L) on
H/K and the Dirac action aP of (H,A, E) are given. Let (P̂, L̂) and fP̂ : P̂ → d be as in
Theorem 4.7. Since the anchor map for P̂ is surjective, its kernel ker(a
P̂
) is an involutive
coisotropic subbundle, with ker(a
P̂
)⊥ = ran(a∗
P̂
). The quotient is an H-equivariant Courant
algebroid over H/K containing ker(a
L̂
) as a Lagrangian subbundle. Both have the zero
anchor map, and are hence bundles of Lie algebras. Their fibers at eK are K-equivariant
Lie algebras. We denote these by n, u, so that
ker(a
P̂
)/ ran(a∗
P̂
) = H ×K n, ker(aL̂) = H ×K u.
Let γn ∈ S
2n be the element defined by the metric. Then (n, u)γn is a Manin pair, with an
action of K by Manin pair automorphisms. The inclusion of k ⊆ u into n defines generators
for the K-action; hence (n,K) is a Harish-Chandra pair. Since f
P̂
vanishes on ran(a∗
P̂
), it
defines an H-equivariant map H ×K n→ d. The restriction to eK is a K-equivariant map,
fn : n→ d.
Since f
P̂
is compatible with brackets and satisfies f
P̂
(γP) = β, the map fn is a Lie algebra
morphism with fn(γn) = β. Note that fn intertwines the inclusions of k into n and into
h ⊆ d, hence it defines a morphism of Harish-Chandra pairs (fn, φ) : (n,K)→ (d,H), where
φ : K → H is the inclusion.
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5.2.2. Construction of a normal form. Consider first the case K = {e}, thus M = H. Let
Fn : q→ n
be the map defined by
〈Fn(λ), ζ〉 = 〈λ, prg(fn(ζ))〉,
for all λ ∈ q, ζ ∈ n. Note that Fn vanishes on g ⊆ q, and the induced map g
∗ = q/g → n
is the restriction of f∗n : d
∗ → n to the subspace g∗ ⊆ d∗. As before, we denote by ̺ : d →
Γ(TH) the dressing action (2).
Proposition 5.7. Suppose K = {e}, thus M = H. There is a canonical identification of
(P, L) with the action Dirac structure (H×n,H×u), where n acts by the composition ̺◦fn.
The structure as a module over the VB-groupoid A = H × g ⇒ g is given by the moment
map
uP(h, ζ) = h • prg(fn(ζ))
and the formula, for composable elements (g, λ) ∈ A and (h, ζ) ∈ P,
(g, λ) ◦ (h, ζ) = (gh, ζ + Fn(h
−1 • λ)).
Proof. We will regard P as the second summand of P̂ = H × (h ⊕ h∗) ⊕ P. Given y ∈ Ph,
let τ ∈ h be the unique element such that aH×h(h, τ) = aP(y). Write y
′′ = (h, τ) and put
y′ = y − y′′ ∈ P̂. Then a
P̂
(y′) = 0, and the map taking y to y′ defines an isomorphism of
metrized vector bundles
P ∼= ker(a
P̂
)/ ran(a∗
P̂
) = H × n.
It restricts to the isomorphism L ∼= H × u from Section 3.4. Let (h, ζ) ∈ H × n be the
element corresponding to y ∈ P under this isomorphism. Repeating the argument for L̂ in
the proof of Proposition 3.8, we obtain
uP(y) = fP̂(y) = fP̂(y
′) + f
P̂
(y′′) = Adh fn(ζ) + τ,
Projecting to the g-component, it follows that uP(h, ζ) = h • prg(fn(ζ)). Projecting to the
h-component, we find that
aP(h, ζ) =
(
h,Adh−1 prhAdh fn(ζ)
)
,
which identifies (P, L) as an action Dirac structure for ̺ ◦ fn. The formula for the-VB-
groupoid action is determined by uP, by the formulas from Lemmas 5.2 and 5.3. 
For general M = H/K, let p : H → H/K be the projection. The proposition above
applies to the action of (H,A, E) on (H, p!P, p!L). This action commutes with the action
of K (with base action k 7→ aR(k)) by Dirac automorphisms, and (P, L) = (p!P/K, p!L/K).
In terms of the identification P ∼= H × n, the K-action reads as
k.(h, ζ) = (hk−1, k.ζ).
We thus have
(P, L) = (H × n/K, H × u/K) = (H ×K p, H ×K l)
with p = k⊥/k, l = u/k. The map up!P descends to the map
uP : H × n/K → g, uP([(h, ζ)]) = h • prg(fn(ζ)),
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and the groupoid action of A = H × q descends to a well-defined groupoid action
(33) (g, λ) ◦ [(h, ζ)] = [(gh, ζ + Fn(h
−1 • λ))].
In summary, we see that the Dirac structure (P, L), and the Dirac action of (H,A, E) on
(H/K,P, L), are fully determined by the data (i),(ii),(iii).
5.2.3. Construction of (M,P, L). Given the data (i),(ii),(iii), we may use the formulas above
to define (M,P, L). That is, as a Dirac structure (P, L) is the reduction (H×n/K, H×u/K)
of the action Dirac structure for the action ̺ ◦ fn. As a VB-groupoid module over A, it is
the module H ×K p over the semi-direct product H ⋉ q⇒ g, where the groupoid action of
q ⇒ g on p = k⊥/k is described by the formulas above. To prove the theorem, one has to
show that the VB-groupoid action is a Dirac morphism.
Rather than proving this directly, we use the following argument. Consider the action
of (H,A, E) on (H, Â, Ê). Recall that this action preserves the map f
Â
: Â → d, and that
f
Â
(γ
Â
) = −β. Extend to an action on the direct product (H, Â×n, Ê×u), using the trivial
action on the second factor. The map
(f
Â
, fn) : Â× n→ d× d
is invariant under the action, and takes (γ
Â
, γn) to (−β, β). Since the diagonal d∆ ⊆ d× d
is a (−β, β)-coisotropic Lie subalgebra, its pre-image
C = (f
Â
, fn)
−1(d∆) ⊆ Â× n
is coisotropic and involutive. The diagonal action of K has generators given by the diagonal
embedding of k. We put
P = (C/C⊥)/K,
and let
L =
(
C ∩ (Ê × u)/C⊥ ∩ (Ê × u)
)
/K.
By construction, this Dirac manifold comes equipped with a Dirac action of (H,A, E).
To verify that these two constructions of (P, L) coincide, recall that (Â, Ê) is the action
Dirac structure (H × q̂, H × ĝ), for the action ̺ ◦ fq̂. Here fq̂ : q̂ = d⋉ d
∗
β → ĝ = d is simply
the projection to the first factor. One has f
Â
(h, λ+ µ) = λ. The map
H × n→ C ⊆ Â× n, (h, ζ) 7→ ((h, fn(ζ)), ζ)
preserves metrics, the anchor map, and the brackets, and descends to an isomorphism of
metrized vector bundles H × n → C/C⊥, compatible with the anchor maps and brackets.
Furthermore, this isomorphism is also compatible with the action of K.
5.3. Robinson’s classification. We continue with the setting of Theorem 5.5. Since
fn(γn) = β, and u ⊆ n is Lagrangian, the image c := fn(u) ⊆ d is β-coisotropic; see 1.1.1.
According to Proposition 3.11, the group A/E ∼= E∗ acts transitively on P/L ∼= L∗ if
and only if fn restricts to an isomorphism from u onto c, and c ∩ h = k. By the general
construction from Section 1.1.3, the Dirac-Manin pair (d, c)β determines a Manin pair,
given as the reduction of (d ⋉ d∗β, d) by the coisotropic Lie subalgebra c ⋉ d
∗
β , with c as a
Lagrangian Lie subalgebra.
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Lemma 5.8. There is a canonical isomorphism of Manin pairs
(n, u) ∼=
(
(c⋉ d∗β)/(c ⋉ d
∗
β)
⊥, c).
Proof. We have (ran(f∗n ) + u)
⊥ = ker(fn) ∩ u
⊥ = ker(fn) ∩ u = 0, hence ran(f
∗
n ) + u = n.
It follows that any element of n can be written in the form x = ζ + f∗n (µ) with ζ ∈ u and
µ ∈ d∗. Note that
f∗n (µ) ∈ u ≡ u
⊥ ⇔ µ ∈ ann(fn(u)) = ann(c)⇒ fn(f
∗
n (µ)) = β
♯(µ) ∈ c,
Thus, if ζ ∈ u, µ ∈ d∗ with ζ + f∗n (µ) = 0, then
fn(ζ) + µ = −β
♯(µ) + µ ∈ (c⋉ d∗β)
⊥.
We hence obtain a well-defined linear map
n→ (c⋉ d∗β)/(c ⋉ d
∗
β)
⊥, ζ + f∗n (µ) 7→ [fn(ζ) + µ].
It is straightforward to verify that this map preserves Lie brackets and metrics. For dimen-
sion reasons, it is hence an isomorphism. 
Using Lemma 5.8, Theorem 5.5 specializes to the following result, which was first obtained
by P. Robinson using a different approach:
Theorem 5.9 (P. Robinson [42]). The Dirac structures (H/K,P, L) together with Dirac
actions of (H,A, E), such that E∗ acts transitively on L∗, are classified by K-invariant
β-coisotropic Lie subalgebras c ⊆ d such that c ∩ h = k.
Note that for transitive Poisson actions of Poisson Lie groups H on Poisson manifolds
M , the condition in the theorem is automatic: Here the action of E∗ = TH on L∗ = TM
is just the tangent lift of the H-action on M .
5.4. The exact case. Recall that a Courant algebroid over a manifold Q is exact [44]
if the kernel of its anchor map is a Lagrangian subbundle. In this case, the choice of a
complementary Lagrangian subbundle identifies the Courant algebroid with the standard
Courant algebroid TQ, with the Courant bracket twisted by a closed 3-form.
As we already remarked, [28, Proposition 7.1] asserts that the Courant algebroid A of a
Dirac Lie group (H,A, E) is exact if and only if its Dirac-Manin-triple (d, g, h)β is exact,
that is, β is non-degenerate and g is Lagrangian. As discussed in [28], there is in fact a
canonical splitting TH → H × d, given on left-invariant vector fields by
νL 7→ (h, ν − 12 Adh−1(1− prh⊥)Adh ν).
The corresponding 3-form in this case is expressed in terms of the Maurer-Cartan forms
θL, θR as
η = 112 〈θ
L, [θL, θL]〉
(where 〈·, ·〉 is the inner product on d defined by β). Thus A ∼= THη, in the notation from
[28].
Proposition 5.10. Let (H,A, E) be an exact Dirac Lie group, classified by (d, g, h)β , and
K ⊆ H a closed subgroup. Then the exact Dirac structures (P, L) on H/K, together with
Dirac actions of (H,A, E), are classified by Lagrangian Lie subalgebras c ⊆ d.
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Proof. Let (n, u)γn and fn : n → d be the data from the general classification theorem 5.5,
and c = fn(u). Note that rank(P) = dimn − 2 dim k. Hence, if P is exact as well, we must
have dim n = 2dimH = dim d. Since fn(γn) = β, this implies that fn is an isomorphism
from n to d, restricting to an isomorphism from u to c. But these conditions are also
sufficient: if n = d, then its pullback p!P under the map p : H → H/K equals H × d = A
as a Courant algebroid. Hence P = (p!P)/K, being the reduction of an exact Courant
algebroid, is again exact [6]. 
We hence see that the Courant algebroid P is A/K = THη/K, where the reduction is
defined using the generators
τ 7→ τL + 12〈θ
L,Adh−1(1− prh⊥)Adh τ〉.
The reduction is isomorphic to T(H/K) with the Courant bracket twisted by a closed 3-
form; the latter depend on the choice of a splitting. In the special case k ⊆ h⊥ the splitting
of A descends to a splitting of P, and the 3-form η descends to H/K. In general, the
splitting of A does not directly descend, but the choice of a K-principal connection on
H → H/K determines a reduced splitting for P [6].
Example 5.11. Suppose h has an invariant metric, and let H be equipped with the corre-
sponding Cartan-Dirac structure. Recall that the associated H-equivariant Dirac Manin
triple is (h ⊕ h, h∆, h ⊕ 0)β . This is an exact Dirac-Manin triple; indeed A ∼= THη where
η ∈ Ω3(H) is the Cartan 3-form determined by the metric. The exact Dirac homogeneous
spaces H/K for this Dirac Lie group are given by Lagrangian Lie subalgebra c such that
(h ⊕ 0) ∩ c = k ⊕ 0. Note that this requires k ⊆ h to be isotropic. If the metric on h is
positive definite, then c is obtained as the graph of a Lie algebra automorphism κ of h, and
one has k = 0. (Note however that the Dirac structure on H/K = H is a κ-twisted version
of the Cartan Dirac structure.) If H is a non-compact real semi-simple Lie group, there
are many other examples of Lagrangian Lie subalgebras, with a possibly non-trivial K. See
Karolinsky-Lyapina [25] for some classification results. Stronger results are available in the
complex case, as discussed in Example 2.2.3.
Appendix A. VB-groupoids
For any groupoid H, we denote by H(0) its space of units, and by s, t : H → H(0) the
source and target maps. Sometimes we write sH , tH for clarity. The groupoid itself will be
written as H ⇒ H(0), and the groupoid multiplication of elements h1, h2 with s(h1) = t(h2)
is written as h1 ◦ h2 or simply h1h2. Throughout, we will take ‘groupoids’ to mean Lie
groupoids; thus H and H(0) are smooth manifolds, all structure maps are smooth, and the
source and target maps are surjective submersions. We denote by Gr(MultH) ⊆ H×H×H
the graph of the groupoid multiplication, consisting of elements (h1◦h2, h1, h2) with s(h1) =
t(h2). An action of a groupoid H ⇒ H
(0) on a manifold M is given by a smooth map
u : M → H(0) (called the moment map), together with a smooth map AM : (h,m) 7→ h◦m,
defined on the submanifold of elements (h,m) ∈ H ×M such that s(h) = u(m), such that
h1 ◦(h2 ◦m) = (h1 ◦h2)◦m whenever s(h1) = t(h2), s(h2) = u(m), and such that h◦m = m
whenever h = u(m) ∈ H(0). We denote by Gr(AM ) ⊆M ×H ×M the graph of the action
map, consisting of all (m′, h,m) such that m′ = h ◦m.
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A VB-groupoid [41] (see also [5, 20, 27, 36]) is a groupoid V ⇒ V (0), such that V is a
vector bundle (whose base is a groupoid H ⇒ H(0)), and Gr(MultV ) is a vector subbundle
along Gr(MultH). The condition on the graph implies that the units V
(0) are a sub-vector
bundle, and that all the groupoid structure maps (multiplication, inversion, and source and
target maps) are vector bundle morphisms. The core of a VB-vector bundle is the vector
bundle
core(V ) = V |H(0)/V
(0);
the VB-vector bundle is called vacant if core(V ) = 0. The restrictions of ker(sV ) and ker(tV )
to H(0) are both complements to TH(0), hence they are both identified with core(V ).
Left translation by elements of H ⊆ V gives a canonical isomorphism s∗H core(V )
∼=
ker(tV ); similarly t
∗
H core(V )
∼= ker(sV ) by right translation. Composing with the inclusion
maps into V , and dualizing, we obtain two bundle maps
(34) sV ∗ : V
∗ → core(V )∗, tV ∗ : V
∗ → core(V )∗
with base maps sH , tH . These are the source and target maps of a groupoid:
Proposition A.1 (Pradines [41]). For any VB-groupoid V ⇒ V (0), the dual bundle is again
a VB-groupoid V ∗ ⇒ (V ∗)(0), with source and target map (34). The groupoid structure
satisfies 〈µ1 ◦ µ2, v1 ◦ v2〉 = 〈µ1, v1〉+ 〈µ2, v2〉 for elements µi ∈ V
∗
hi
and vi ∈ Vhi such that
the compositions are defined.
As an immediate consequence, we see that a VB-groupoid is vacant if and only if the
dual VB-groupoid is a group.
Example A.2. For any Lie groupoid H ⇒ H(0), the tangent bundle is a VB-groupoid
TH ⇒ TH(0), with core the Lie algebroid AH of H. Hence, the cotangent bundle of H is
a VB-groupoid T ∗H ⇒ A∗H, with core the cotangent bundle of H(0). It is the symplectic
groupoid integrating the Poisson manifold A∗H.
If H(0) = pt so that H is a group, the tangent bundle is a group, and the cotangent
bundle is the vacant VB-groupoid T ∗H ⇒ h∗. The condition α = α1 ◦ α2 for αi ∈ T
∗
hi
H
and α = T ∗hH holds if and only if h = h1h2 and (α1, α2) = (Th1,h2 MultH)
∗α. We conclude
that the graph of the groupoid multiplication MultTH of
TH = TH ⊕ T ∗H ⇒ h∗
coincides with the graph of the Courant morphism TMultH : TH × TH 99K TH.
Let V ⇒ V (0) be a VB-groupoid with base H ⇒ H(0), and let P be a vector bundle
with base M , with a groupoid action AP of V . Then P is called a VB-module if the graph
Gr(AP ) ⊆ P × V × P of is a sub-vector bundle. In particular, the action AP restricts to
a groupoid action AM of H on M , and the moment map uP : P → V
(0) is a vector bundle
morphism along uM : M → H
(0). (Similarly, we define LA-modules over LA-groupoids and
CA-modules over CA-groupoids.) The inclusion
u
∗
M core(V )
∼= u∗M ker(sV )→ P, v 7→ v ◦ 0m,
dualizes to define a bundle map
(35) uP ∗ : P
∗ → core(V )∗ = (V ∗)(0),
with base map uM . We have the following addendum to Proposition A.1:
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Proposition A.3. For any VB-module P over V ⇒ V (0), the dual bundle P ∗ is a VB-
module over V ∗ ⇒ (V ∗)(0), for the moment map (35). The module action is uniquely
defined by the property
(36) 〈µ ◦ ν, v ◦ w〉 = 〈µ, v〉 + 〈ν,w〉
for µ ∈ V ∗h , ν ∈ P
∗
m, v ∈ Vh, w ∈ Pm.
Proof. (Cf. [42].) To check that the formula for the module action is well-defined, we must
verify that the right hand side vanishes whenever v ◦w = 0h◦m. Since this condition implies
tV (v) = uP(0h◦m) = 0, we may write v = 0h−1 ◦ v1 with v1 ∈ ker(tV )H(0) Then
0m = v1 ◦ w = (v1 − sV (v1)) ◦ 0m + sV (v1) ◦ w = (v1 − sV (v1)) ◦ 0m + w.
Pairing with ν, this shows 〈ν, (v1 − sV (v1)) ◦ 0m〉 + 〈ν,w〉 = 0. Letting [v1] ∈ core(V ) be
the equivalence class of v1 mod V
(0), we have
〈ν, (v1 − sV (v1)) ◦ 0m〉 = 〈uP ∗(ν), [v1]〉 = 〈sV ∗(µ), [v1]〉 = 〈µ, v〉.
This shows that 〈µ, v〉+〈ν,w〉 = 0 as desired. Hence (36) is well-defined; it is straightforward
to check that (36) gives a VB-groupoid action. 
Example A.4. Continuing Example A.2, suppose the Lie groupoid H acts on a manifold
M , with a moment map u : M → H(0). Then TH ⇒ TH(0) acts on TM , and dually
T ∗H ⇒ A∗H acts on T ∗M , with a moment map uT ∗M : T
∗M → A∗H.
If H is a Lie group, then this is the usual moment map from symplectic geometry. We
obtain an action of TH ⇒ h∗ on TM , such that the graph of the action map aTM coincides
with the graph of TaM .
Appendix B. Semidirect products
There is a general notion of semi-direct product of two groupoids, with one groupoid
H acting on a second groupoid G by automorphisms (in a suitable sense). We will only
need the simple case that H is a Lie group, where this notion is a rather straightforward
generalization of the semi-direct product of two Lie groups.
Proposition B.1 (Semi-direct product). Suppose G ⇒ M is a groupoid on which a Lie
group H acts by automorphisms. Then there is semi-direct product groupoid H ⋉G⇒M ,
equal to H ×G as a manifold, with source and target maps
s(h, g) = s(g), t(h.g) = h.t(g),
and with the groupoid multiplication of composable elements given as
(h1, g1)(h2, g2) = (h1h2, (h
−1
2 .g1)g2).
Given a G-action on a manifold Q, with moment map uQ : Q→M , we obtain an action of
H ⋉G on H ×Q, with moment map uH×Q(h, q) = h • uQ(q), and for composable elements
(h1, g) ◦ (h2, q) = (h1h2, (h
−1
2 .g) ◦ q).
If a closed subgroup K ⊆ H acts on Q, in such a way that k.(g ◦ q) = (k.g) ◦ (k.q) for all
k ∈ K and composable g ∈ G, q ∈ Q, then this action of H ⋉G descends to an action on
the associated bundle H ×K Q.
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The proof is a straightforward verification. As a special case, suppose H acts on a VB-
groupoid V ⇒ V (0) over G⇒ G(0). Then the semi-direct product H ⋉ V is a VB-groupoid
over the semi-direct product H ⋉G.
Example B.2. The Dirac Lie group (H,A, E) determines a linear groupoid q⇒ g, with an
action of H by automorphisms. Here t(λ) = (1− prr)(λ), s(λ) = (1− prr⊥)(λ). The action
of H preserves the metric, is the •-action on g, and preserves both r, r⊥. The groupoid
multiplication of q reads as
λ1 ◦ λ2 = λ1 + λ2 − s(λ1).
Hence, for the semi-direct product we obtain
s(h, λ) = (1− prr⊥)(λ), t(h, λ) = h • (1− prr)(λ),
and for composable elements,
(h1, λ1) ◦ (h2, λ2) = (h1h2, (h
−1
2 λ1) ◦ λ2) = (h1h2, λ2 + h
−1
2 • (λ1 − s(λ1))).
We conclude that as a groupoid, A is a semi-direct product A = H ⋉ q ⇒ g. Likewise
E = H ⋉ g.
Let n be a given space, with a moment map fn : n → d. Let u = prg ◦fn, and let q ⇒ g
act by λ ◦ ζ = ζ + Fn(λ), where Fn was defined in Section 5.2.2. It is easily seen that this
action is compatible with metrics. We obtain an action of A = H ⋉ q on P = H × n, as
explained above.
References
1. A. Alekseev, H. Bursztyn, and E. Meinrenken, Pure spinors on Lie groups, Aste´risque 327 (2009),
131–199.
2. A. Alekseev, A. Malkin, and E. Meinrenken, Lie group valued moment maps, J. Differential Geom. 48
(1998), no. 3, 445–495.
3. A. Alekseev and P. Xu, Derived brackets and Courant algebroids, Unfinished manuscript (2002).
4. C. Blohmann and A. Weinstein, Group-like objects in Poisson geometry and algebra, Poisson geometry in
mathematics and physics, Contemp. Math., vol. 450, Amer. Math. Soc., Providence, RI, 2008, pp. 25–39.
5. H. Bursztyn, A. Cabrera, and M. del Hoyo, Vector bundles over Lie groupoids and algebroids, Preprint
(2014). arXiv:1410.5135.
6. H. Bursztyn, G. Cavalcanti, and M. Gualtieri, Reduction of Courant algebroids and generalized complex
structures, Adv. Math. 211 (2007), no. 2, 726–765.
7. H. Bursztyn and M. Crainic, Dirac structures, momentum maps, and quasi-Poisson manifolds, The
breadth of symplectic and Poisson geometry, Progr. Math., vol. 232, Birkha¨user Boston, Boston, MA,
2005, pp. 1–40.
8. , Dirac geometry, quasi-Poisson actions and D/G-valued moment maps, J. Differential Geom.
82 (2009), no. 3, 501–566.
9. H. Bursztyn, M. Crainic, and P. Sˇevera, Quasi-Poisson structures as Dirac structures, Travaux
mathe´matiques. Fasc. XVI, Trav. Math., XVI, Univ. Luxemb., Luxembourg, 2005, pp. 41–52.
10. H. Bursztyn, D. Iglesias Ponte, and P. Severa, Courant morphisms and moment maps, Math. Res. Lett.
16 (2009), no. 2, 215–232.
11. T. Courant, Dirac manifolds, Trans. Amer. Math. Soc. 319 (1990), no. 2, 631–661.
12. T. Courant and A. Weinstein, Beyond Poisson structures, Action hamiltoniennes de groupes. Troisie`me
the´ore`me de Lie (Lyon, 1986), Travaux en Cours, vol. 27, Hermann, Paris, 1988, pp. 39–49.
13. P. Delorme, Classification des triples de Manin pour les alge`bres de Lie re´ductives complexes, J. Algebra
246 (2001), no. 1, 97–174, With an appendix by Guillaume Macey.
14. I. Ya. Dorfman, Dirac structures and integrability of nonlinear evolution equations, Nonlinear Science -
theory and applications, Wiley, Chichester, 1993.
40 E. MEINRENKEN
15. V. G. Drinfeld, Quantum groups, Proceedings of the International Congress of Mathematicians, Vol. 1,
2 (Berkeley, Calif., 1986) (Providence, RI), Amer. Math. Soc., 1987, pp. 798–820.
16. S. Evens and J.-H. Lu, On the variety of Lagrangian subalgebras. I, Ann. Sci. E´cole Norm. Sup. (4) 34
(2001), no. 5, 631–668.
17. , On the variety of Lagrangian subalgebras. II, Ann. Sci. E´cole Norm. Sup. (4) 39 (2006), no. 2,
347–379.
18. R. Fernandes and D. Iglesias Ponte, Integrability of Poisson-Lie group actions, Lett. Math. Phys. 90
(2009), no. 1-3, 137–159.
19. H. Flaschka and T. Ratiu, A convexity theorem for Poisson actions of compact Lie groups, Ann. Sci. Ecole
Norm. Sup. 29 (1996), no. 6, 787–809.
20. A. Gracia-Saz and R. Mehta, VB-groupoids and representation theory of Lie groupoids, arXiv:1007.3658.
21. M. Gru¨tzmann and M. Stie´non, Matched pairs of Courant algebroids, Indag. Math. (N.S.) 25 (2014),
no. 5, 977–991.
22. M. Jotz, Dirac groupoids and Dirac bialgebroids, arXiv:1403.2934.
23. , Dirac Lie groups, Dirac homogeneous spaces and the theorem of Drinfeld, Indiana Univ. Math.
J. 60 (2011), no. 1, 319–366.
24. E. Karolinsky, A classification of Poisson homogeneous spaces of complex reductive Poisson-Lie groups,
Poisson geometry (Warsaw, 1998), Banach Center Publ., vol. 51, Polish Acad. Sci., Warsaw, 2000,
pp. 103–108.
25. E. Karolinsky and S. Lyapina, Lagrangian subalgebras in g × g, where g is a real simple Lie algebra
of real rank one, Travaux mathe´matiques. Fasc. XVI, Trav. Math., XVI, Univ. Luxemb., Luxembourg,
2005, pp. 229–236. MR 2223160
26. Y. Kosmann-Schwarzbach and F. Magri, Poisson-Lie groups and complete integrability. I. Drinfel′d
bialgebras, dual extensions and their canonical representations, Ann. Inst. H. Poincare´ Phys. The´or. 49
(1988), no. 4, 433–460.
27. D. Li-Bland and E. Meinrenken, Courant algebroids and Poisson geometry, International Mathematics
Research Notices 11 (2009), 2106–2145.
28. , Dirac Lie groups, Asian Journal of Mathematics 18 (2014), no. 5, 779–816.
29. D. Li-Bland and P. Sˇevera, Quasi-Hamiltonian groupoids and multiplicative Manin pairs, International
Mathematics Research Notices 2011 (2011), 2295–2350.
30. Z.-J. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids, J. Differential Geom. 45 (1997),
no. 3, 547–574.
31. J.-H. Lu, Momentum mappings and reduction of Poisson actions, Symplectic geometry, groupoids, and
integrable systems (Berkeley, CA, 1989), Springer, New York, 1991, pp. 209–226.
32. , A note on Poisson homogeneous spaces, Poisson geometry in mathematics and physics, Con-
temp. Math., vol. 450, Amer. Math. Soc., Providence, RI, 2008, pp. 173–198.
33. J.-H. Lu and A. Weinstein, Poisson Lie groups, dressing transformations, and Bruhat decompositions,
J. Differential Geom. 31 (1990), no. 2, 501–526.
34. Jiang-Hua Lu, Poisson homogeneous spaces and Lie algebroids associated to Poisson actions, Duke
Math. J. 86 (1997), no. 2, 261–304.
35. K. Mackenzie, Double Lie algebroids and second-order geometry. I, Adv. Math. 94 (1992), no. 2, 180–239.
36. K. Mackenzie, General theory of Lie groupoids and Lie algebroids, London Mathematical Society Lecture
Note Series, vol. 213, Cambridge University Press, Cambridge, 2005.
37. J. Marrero, E. Padron, and M. Rodriguez-Olmos, Reduction of a symplectic-like Lie algebroid with
momentum map and its application to fiberwise linear Poisson structures, Journal of Physics A: Math.
Theor. 45 (2012), 165–201.
38. B. Milburn, Two Categories of Dirac Manifolds, arXiv:0712.2636, Preprint (2007).
39. T. Mokri, Matched pairs of Lie algebroids, Glasgow Math. J. 39 (1997), no. 2, 167–181.
40. C. Ortiz, Multiplicative Dirac structures on Lie groups, C. R. Math. Acad. Sci. Paris 346 (2008), no. 23-
24, 1279–1282.
41. J. Pradines, Remarque sur le groupo¨ıde cotangent de Weinstein-Dazord, C. R. Acad. Sci. Paris Se´r. I
Math. 306 (1988), no. 13, 557–560.
41
42. P. Robinson, The classification of Dirac homogeneous spaces, Thesis, University of Toronto, 2014.
arXiv:1411.2958.
43. M. A. Semenov-Tian-Shansky, Dressing transformations and Poisson group actions, Publ. Res. Inst.
Math. Sci. 21 (1985), no. 6, 1237–1260.
44. P. Sˇevera, Letters to Alan Weinstein, http://sophia.dtp.fmph.uniba.sk/ severa/letters/, 1998-2000.
45. P. Sˇevera and F. Valach, Lie groups in quasi-Poisson geometry and braided Hopf algebras,
arXiv:1604.07164, Preprint (2016).
46. L. Stefanini, On Morphic Actions and Integrability of LA-Groupoids, Ph.D. thesis, Zu¨rich 2008.
arxiv.org/abs/0902.2228.
47. K. Uchino, Remarks on the definition of a Courant algebroid, Lett. Math. Phys. 60 (2002), no. 2,
171–175.
48. P. Xu, On Poisson groupoids, Internat. J. Math. 6 (1995), no. 1, 101–124.
University of Toronto, Department of Mathematics, 40 St George Street, Toronto, On-
tario M4S2E4, Canada
E-mail address: mein@math.toronto.edu
